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Abstract
This thesis presents work on investigations into the mechanical properties of connective tissue.
A model system of hydrogels was used to investigate how volume change through water flow is
coupled to relaxation. This was done using digital image correlation (DIC) and a custom built
setup. It was found, in hydrogels, that water loss is directly coupled to an increase in tension
and water intake is directly coupled to tension relaxation. The experimental setup was tested
by investigating the mechanical properties of the well known material polydimethylsiloxane
(PDMS) and the novel materials of carbon nanotube (CNT) elastomers, cholesteric liquid crys-
tal elastomers (CLCEs), and 3D polydomain liquid crystal elastomers (3DLCEs). The setup
accurately demonstrated the incompressibility of PDMS, even at short time scales, and demon-
strated how DIC can map the inhomogeneity of material by locating clusters of CNTs in CNT
elastomers by how they deform. Novel results for 3DLCEs were also found, where it was dis-
covered that there is a softening of the bulk modulus at small time scales resulting in a volume
increase following deformation, the bulk modulus then recovers and there is over all no volume
change. This is in stark contrast to the typical case, where it is the shear modulus that becomes
comparable to the bulk modulus, resulting in increased volume.
A theoretical investigation was carried out into critical damping in viscoelastic oscillators,
where the aim was to apply to the findings to connective tissue. The fractional Maxwell model
and zener model where both solved for, where it was found that damping decreases as the ma-
terial becomes more solid and the peak of critical damping becomes broader. Finally, investiga-
tions into how strain relates to the viscoelastic properties of connective tissue were carried out
on horse tendon and rat fascia. How relaxation changes was determined through the relaxation
constant, where a large constant means it takes the sample longer to relax and it is more solid
like. It was found, that in general, the relaxation constant increases quickly with an imposed
strain and then either stabilises or increases more slowly. This growth of relaxation constant
also occurs during the initial stages of tissue injury, where irreversible deformation occurs.
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Chapter 1
Introduction
Connective tissue can be considered as a hydrogel fibrously reinforced by collagen and elastin
all of which are maintained by denizen cells, typically fibroblasts or a specialised variant de-
pending on the tissue [1]. Mineralisation of collagen in connective tissue leads to the devel-
opment of hard connective tissue, such as bone or cartilage; connective tissue without miner-
alisation is known as soft connective tissue [2]. This dissertation focuses on soft connective
tissue.
Much of the strength and elastic properties of connective tissue originate from fibre re-
inforcement and the formation of fibrous networks. Networks themselves have long been
life’s solution to building dynamic structures of tunable strength, elasticity, and nonlinear re-
sponse [3–6]. From the microscale of the denizen cell’s cytoskeleton to the macroscale of the
fibrous tissues, biology has utilised stiff and semiflexible filaments to allow for dynamic re-
modelling [7, 8], controlled structural failure [9, 10], and enzyme or cell accessible structural
elements [11, 12].
This thesis is dedicated to investigating the rich mechanical behaviour of connective tissue.
It is not expected to answer all of the many questions left for connective tissue, but it is hoped
that this study will represent a contribution to the field and offer insight to guide future work.
This introduction contains a detailed, but not comprehensive, literature review on the me-
chanics of connective tissue and their denizen cells. The first section is theoretical background,
which covers the concepts necessary to digest the rest of the review and future theoretical dis-
cussions. It begins with a brief overview of viscoelasticity, with an emphasis on the concepts
that are useful in this dissertation. This is followed by mechanics of fibre networks, comprising
the mechanics of single filaments and then filamentous networks. Following the fundamental
theoretical background, the review moves on to discussing the mechanics of cells as the theory
networks has interesting applications here. This begins with discussion of the cell cytoskeleton:
how it is formed, its mechanical behaviour, and experiments conducted on networks artificially
constructed from cytoskeleton proteins. These principles are then applied to the mechanics of
cells with a complementary discussion of experiments conducted on cells and their behaviour.
The latter half of the introduction is dedicated to connective tissue, beginning with a discus-
sion of extracellular matrix and the mechanical properties of the main loading carrying fibres,
namely, elastin and collagen. This is followed by a discussion of how these fibres are organ-
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ised in connective tissue tailored to the tissues mechanical function (e.g., for tendon or arterial
walls). Next there is a discussion of current theories which try to capture the tissue mechani-
cal response. Finally, there is a discussion of experiments on the viscoelastic properties of the
connective tissue.
1.1 Theoretical background
1.1.1 Viscoelasticity
In this section, we remind readers of the basic viscoelastic models and their properties, as
well as some of the more pertinent aspects of viscoelastic theory. Viscoelasticity is simply the
property of materials having both viscous and elastic behaviour; which dominates is typically
dependant on the time scale, e.g., at short time scales a material will behave elastically, whereas
at long time scales it will behave as a fluid. Viscoelastic models are phenomenological and built
from arrangements of springs, dashpots, and more recently, fractional dashpots (sometimes
called Scott-Blair elements [13]). Their properties are determined by the relationship of stress
and strain through each element: spring elements obey σi(t) = Eεi(t), dashpot elements obey
σi(t) = η dεi(t)/dt, and fractional dashpots obey an empirical constitutive relation of the form
σi(t) = adβ εi(t)/dtβ , where here σi and εi(t) are the stress and strain through each element,
and dβ/dtβ is a fractional derivative which will be discussed later in this section.
β
β
β
(a) (b) (c)
Fig. 1.1 shows (a) the fractional Maxwell model, (b) the fractional Voigt model, and (c) the
fractional Zener (or standard linear) model. β indicates that the dashpot could be effectively
fractional and has power law behaviour, in the limit β = 1 the fractional dashpot is a simple
dashpot and (a), (b), and (c) are the classical Maxwell model, Voigt model, and Zener model,
respectively.
Viscoelastic models are typically related to experiments through the relaxation function,
G(t), or the creep function, J(t). The relaxation function describes the relaxation of stress
following a step strain , i.e., σ(t) = ∆εG(t); whereas, the creep function describes the increase
in strain following a step stress i.e., ε(t) = ∆σJ(t). In linear viscoelasticity, the two are not
independent and in Laplace space are related via sG˜(s)sJ˜(s) = 1 [14]. The relaxation function,
G(t), is useful in determining the stress in a material for a given strain history. Here, such a
strain history can be represented as the sum of step strains (or pulses) separated by some time
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ηδ(t)
σ
Ge
Gr
G0
t
Fig. 1.2 shows three basic types of G(t) response for a fluid, solid, and general viscoelastic
element, where constant G(t) is the elastic response, the delta function is the fluid response, and
the more slowly decaying curve is an example of a viscoelastic response.
τ , taking the continuous limit where τ → 0 the sum turns into an integral resulting in the well
known Boltzmann superposition integral [14, 15]:
σ(t) =
∫ t
−∞
G(t− t ′)dε(t
′)
dt ′
dt ′. (1.1)
The simplest models are the Maxwell and Voigt models, which consist of a dashpot and
spring in series and parallel, respectively (see Fig. 1.1). The Maxwell model is proficient at
describing stress relaxation following a step strain, but not the creep following a step stress.
Conversely, the Voigt model explains creep well but not stress relaxation. The simplest model
which explains both stress relaxation and creep is the Zener (or standard linear) model, which
consists of a spring and Maxwell element (an element with spring and dashpot in series) in
parallel, see Fig. 1.1(c).
Although these models can qualitatively capture a material’s viscoelastic behaviour, it is
rare that can they can express it well quantitatively; consequently, more complex models were
proposed: the relaxation functions of the most common models, along with their glass and
equilibrium moduli, are shown in table 1.1. Figure 1.2 shows how stress changes with time for
the two limits of viscoelastic response and a general viscoelastic response to a unit step strain.
The limit of a fluid gives a delta function and in the limit of solid there is no change in stress
with time. In between the two is the viscoelastic response where the stress where the initial
value, G0, is the effective glass modulus, and relaxes by the amount Gr to reach the equilibrium
value, Ge.
The simplest adaptation to the standard viscoelastic models is to replace the dashpot with
a fractional dashpot, otherwise known as the Scott-Blair element. The relaxation function of
such an element follows a power law, ∝ t−β , with 0 ≤ β ≤ 1, where β determines how close
the dashpot is to purely elastic, β = 0, or purely viscous, β = 1, behaviour. Such elements are
known as fractional dashpots due to their equivalence to the rich mathematical field of fractional
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derivatives, verified by substituting the fractional dashpot relaxation function into Eq. 1.1:
σ(t) =
∫ t
−∞
Gr(t− t ′)−β
Γ(1−β )
dε(t ′)
dt ′
dt ′ = Gr
dβ ε
dtβ
, (1.2)
where
dα f (t)
dtα
=
1
Γ(m−α)
∫ t
0
f (m)(τ)
(t− τ)α+1−m dτ,m−1 < α < m (1.3)
and is the so-called Caputo fractional derivative by definition, see ref [16] for an introduction
to fractional derivatives in viscoelasticity. Physical interpretations for power-law behaviour
usually stem from the assumption that there exists a defined distribution of relaxation times,
examples of theories and models which do predict such behaviour are: soft glass rheology
[20], semiflexible networks [21, 22], and fractal models [23–26], to name but a few. Two other
relaxation functions shown in table 1.1, the stretched exponential and asymptotic power-law,
are alternative phenomenological descriptions of stress relaxation. The asymptotic power-law
has an advantage over the simple power-law in that it avoids an infinite glass modulus at t = 0.
In general, there are four types of viscoelastic model which can be defined by their glass
and equilibrium modulus [16], which are summarised in table 1.2 below: An alternative to
Type Ge Gg
I > 0 < ∞
II = 0 < ∞
III > 0 ∞
IV = 0 ∞
Table 1.2 gives definitions for the four general categories of viscoelastic model.
measuring the relaxation modulus of a material is to measure the complex modulus G∗(ω),
which is determined by the response to sinusoidal strain of frequency ω , i.e., ε = ε0 sin(ωt). It
is often written in the form G∗ = G′+ iG′′, where G′ and G′′ are the storage and loss modulus,
respectively. The storage modulus contributes an in phase stress component, whereas the loss
modulus contributes an out of phase stress component. When a sinusoidal strain is applied to a
material, if it viscoelastic, there will be a phase shift in the resultant stress, i.e., σ0 sin(ωt +δ ).
The phase shift is determined by the ratio of the loss and storage moduli and is referred to as
the loss tangent, where tanδ = G′′/G′. The values of G′ and G′′ for a particular frequency can
be found from experiment by fitting the stress curve with a sinusoidal, and using the relations
G′ = σ0 cosδ/ε0 and G′′ = σ0 sinδ/ε0. To find G∗(ω) one performs a frequency sweep whilst
measuring the phase shift and sinusoidal stress.
The complex modulus can be related to the relaxation modulus via
G∗(ω) = sG˜(s)
∣∣
s=iω (1.4)
where G˜(s) is the Laplace transform of the relaxation function [16].
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1.1.2 Mechanics of single filaments
Many biological filaments, such as actin filaments, intermediate filaments, microtubules, fibrin,
and potentially, thin collagen fibrils, are classed as semi-flexible. Their defining feature is a
large persistence length, Lp, which is comparable to the typical filament contour length, Lc.
The persistence length is intuitively characterised by the length at which thermal energy, kBT ,
is sufficient to bend the filament such that its direction is reversed. This is more formally
defined as the separation between two tangent vectors at which their correlation falls by a factor
of 1/e. When a filament is immersed in solution and subject to thermal fluctuations, the ratio of
Lp/Lc determines the influence of these fluctuations on the chain conformation and the type of
elasticity it exhibits. Three general regimes are demonstrated in Fig. 1.3 showing three filaments
of increasing Lp/Lc ratio.
Flexible chain
Semiexible filament
Rigid rod
Lp/Lc  1
Lp/Lc ∼ 1
Lp/Lc  1
Fig. 1.3 Chain conformation depends on persistence length, Lp, and contour length, Lc. Flexible
chains take a random coil formation, semiflexible filaments are comparatively straight with
thermally induced bending undulations, and rigid rods are uninfluenced by thermal energy.
When Lp/Lc ≪ 1, thermal energy is sufficient to bend the filament dramatically, leading
to a random coil formation of self-avoiding random walk. In this region entropic elasticity
dominates. When Lp/Lc ≫ 1, thermal energy cannot significantly bend the filament and it is
a rigid rod. Here elasticity is dominated by the potential energy arising from the stretching
of molecular bonds, so called enthalpic elasticity. In between these two extremes is the broad
regime of semiflexibility, where the end to end distance R is such that both ratios R/Lc and
R/Lp approach unity, i.e., the chain is relatively straight but thermal energy is enough to cause
transverse undulations (see Fig. 1.3).
As opposed to individual flexible and rigid filaments, semiflexible filaments exhibit a non-
linear strain response. Strictly, both the flexible entropic and the rigid elastic filament also
have nonlinear elastic regimes: when the random coil is stretched such that R/Lc ∼ 1 or when
molecular bonds are stretched so much that the anharmonicity of the potential energy becomes
relevant. However, both such regimes are ‘unnatural’, i.e., taking the original object outside
of its nominal definition range, in contrast to semiflexible filaments where the nonlinear elas-
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ticity is a natural consequence of the comparable characteristic length scales. The response
of semiflexible filaments is well understood in terms of the worm like chain (WLC) model,
which defines a filament as an inextensible curve with an energy penalty for bending. Figure
1.4 shows such a curve, where r(s, t) defines the path the curve takes in space and time, and is
parameterised by s, the arc length along the curve. The end to end extension can be defined by
a dimensionless quantity, x = R/Lc.
r(s, t)
s
R
Fig. 1.4 shows a semiflexible filament parameterised by s and defined by the space curve r(s, t).
The end to end distance is defined by the dimensionless quantity x = R/Lc, where R is the end
to end distance vector and Lc is the filament contour length.
The standard approach to finding the elastic response of a semiflexible filament is to use
the WLC model to construct the filament’s partition function. With this, one may calculate
the free energy: F(x) = −kBT lnP(x), where P(x) is the partition function, i.e., the statistical
weight of the filament fluctuating at fixed x, and is equivalent to the probability that ends of
the filament are separated by R = xLc. The partition function is given by the relation: P(x) ∝∫
Dr(s)exp(−H[r(s)]/kBT ), where H[r] is the Hamiltonian of the WLC, and in the simplest
approximation is given by
H[r(s)] =
1
2
∫ Lc
0
A
(
d2r
ds2
)2
ds, (1.5)
where ‖d2r/ds2‖ is the local curvature and A is the modulus associated with filament bending.
The WLC model subjects the statistical ensemble to the constraints
x =
1
Lc
∫ Lc
0
(
dr
ds
)
ds and
(
dr
ds
)2
= 1, (1.6)
which ensure that the ends of the chain have separation x = R/Lc and that the chain is locally
inextensible. The path integral of the partition function is difficult to evaluate analytically due
to constraint of local inextensibility, and explicit solutions are typically found in the limit of
flexible [27, 28] and stiff [29, 30] chains, and it is only very recently that an analytical solution
has been found [31]. However, a simplified solution can be found for chains of any stiffness
if a mean field approach is used to relax the constraint of local inextensibility to one of global
inextensibility [32]. The result is a partition function in the form of a single-variable integral,
which can be solved analytically in two dimensions. In three dimensions, however, it must be
solved numerically, and a compact interpolation of an exact numerical solution of the partition
function leads to the free energy of a single filament of the form [32]:
F(x) =
Api2
2Lc
(1− x2)+ 2(kBT )
2Lc
piA(1− x2) , (1.7)
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where the bending stiffness is proportional to the persistence length via A = kBT Lp. There are
clearly two competing terms, the first of which is at a maximum when x = 0, and the second of
which is at a maximum when x= 1. The equilibrium end to end distance is found by minimising
the free energy with respect to x, leading to
x0 =
√
1− 2Lc
Lppi3/2
. (1.8)
This defines the rest length of a semiflexible filament under no force; where when Lp/Lc <
2/pi3/2 there is no solution for the end to end distance, and the chain will take a more entropy-
driven random coil conformation.
Equilibrium stretch and compression
For many biological filaments, Lp/Lc is greater than one as their persistence lengths are typ-
ically large. Crosslinking can affect the ratio as in crosslinked networks the effective contour
length can be considered as the separation between crosslinks [33]. For filaments such as these,
or when the filament is subject to a large extension force, x is close to unity and the approxi-
mation 1− x2 ≈ 2(1− x) is valid. Applying this to Eq. 1.7 and differentiating with respect to
the true end to end separation, x Lc, we find the approximate force extension relationship for an
inextensible filament is
f (x)≈− fc+ (kBT )
2
piA(1− x)2 , (1.9)
where fc = Api2/L2c and is equivalent to the classic Euler buckling force of a pinned filament
of bending modulus A and length Lc. As the filament is stretched to its full length, the force
(Eq. 1.9) will of course diverge as a consequence of inextensibility. In reality, the filament
length can be stretched and the extensibility needs to be taken into account. For the simple
case, when the filament is subject to a force f , the contour length can be expected to increase
as L f = Lc + f/km, where km is the mechanical spring constant of filament stretching defined
as km = (Y/Lc)
∫
dS. Y is the Young’s modulus which is assumed to be strain independent; it
should be noted that the Lp and Y are not unrelated in continuum elasticity, as kBT Lp = A= IY ,
where I is the filament’s moment of inertia [34]. Accounting for an extensible contour length,
L f , and using Eq. 1.9 yields:
x( f ) =
(
1+
f
kmLc
)(
1− kBT√
piA( f + fc)
)
. (1.10)
It should be pointed out that this formula differs from the original publication [32] due to
a typing error. This was noted and corrected by Holzapfel and Ogden, where they found the
corrected formula to agree well with single actin filament extension experiments. [35]
Figure 1.5 shows the force extension for filaments under tension using the persistence length
of actin and Eq. 1.10. At vanishing force, where the curves meet the x-axis, the x value coin-
cides with x0, the filament’s rest length defined by Eq. 1.8. When x approaches one, all filaments
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Fig. 1.5 Logarithmic force-extension plots for extensible filaments using equation 1.10. Parame-
ters correspond to those of an actin filaments of Lc = 1µm, 5µm, 10µm, and 17µm, Lp = 17µm,
Y = 2GPa, and filament diameter d = 7nm
stiffen, as it becomes more difficult to overcome thermal undulations. Beyond x = 1, the fila-
ments are taut and begin to stretch, exhibiting linear enthalpic elasticity.
F
kBT
0.0 0.2 0.4 0.6 0.8 1.0
4
2
0
-2
-4
Fig. 1.6 Plots of the free energy , F(x) (see Eq. 1.11), for a typical semiflexible filament
(A/kBT Lc ≡ Lp/Lc = 3) under increasing compressive force f measured in units of the Eu-
ler critical force fc = Api2/L2c . There are four regimes: f/ fc = 1 there is one minimum and
the filament is buckled; between f/ fc = 0.6 and f/ fc = 0.3 there are two coexisting minima
and there is a critical value of x where the filament switches between resisting compression and
buckling; f/ fc = 0 there is one minimum where the filament is unbuckled [36].
As filaments will not only be under tension, their response to compression must also be
considered. Under a constant compressional force, which is parallel to the end to end vector of
the filament, the work done is ∆W = f ·Lcx. The full free energy (Eq. 1.7) including the work
term is then
F(x) =
Api2
2Lc
(1− x2)+ 2(kBT )
2Lc
piA(1− x2) + f ·Lcx, (1.11)
and is plotted in Fig. 1.6 for increasing compressive force. When the force is equivalent to the
10 Introduction
Euler critical force, the buckling force of an elastic rod, fc, the free energy minima are at the
origin and the filament is always buckled. For a non-zero force smaller than fc, there are two
energy minima. This indicates that if the compression is great enough, there will be a phase
transition, and the filament will switch from an unbuckled state to a buckled state. As this is a
thermal system, the free energy barrier between states need only be of order kBT for the phase
transition to occur and for the filament to buckle.
Dynamic response
While the equilibrium response is useful, it deals with the limit of quasi-static deformations
which will clearly not be the case in many practical situations, particularly those in biology. In
this section, we look briefly at the classical dynamics of the worm-like chain; for a thorough
discussion of WLC dynamics see ref [37]. The filaments discussed here may be considered as
isolated in solution, chain interactions will be discussed in the later section on networks.
If a semiflexible chain is weakly bending, it can be shown that the dynamics of transverse
deviations follow the linear Langevin equation [37, 38]:
ζ⊥
∂r⊥
∂ t
=−A∂
4r⊥
∂ s4
+ f
∂ 2r⊥
∂ s2
+ξ⊥, (1.12)
where r⊥(s, t) is the transverse displacement at filament arc length s (see Fig. 1.4) at time t. ζ⊥
is the solvent friction per unit length, ξ⊥(s, t) is the Gaussian thermal noise, and as before, A is
the bending rigidity. The solution to Eq. 1.12 is given in the form of an infinite series:
r⊥(s, t) =
∞
∑
n=1
an(t)
√
2
Lc
sin(kns),
〈an(t)am(0)〉= δmn〈a2n〉exp(−t/τn), (1.13)
where kn = npi/Lc are the eigenvalues, and an(t) is the time dependent amplitude of each mode.
The correlation between amplitudes after time t is such that the eigenmodes relax independently
and exponentially, with relaxation constants τn. The mode amplitudes and decay constants are
found using equipartition theorem to be < a2n >= 2kBT/(Ak4n+ f k2n) and τn = τL/(n4+n2 f/ fc),
where as before fc = Api2/L2c and is the Euler force of the longest mode, and τL = ζ⊥L4c/Api4 is
the relaxation constant of this longest mode.
One way to relate Eq. 1.13 to a measurable quantity is to calculate the mean squared
transverse displacement (MSD) of the filament: δ r2⊥(t) = 〈[r⊥(s, t)− r⊥(s,0)]2〉. This can
be measured directly with dynamic light scattering [39], or indirectly with passive and ac-
tive microrheology methods [40]. To relate the MSD to a more representative material prop-
erty, such as the dynamic shear modulus, the linear susceptibility α∗(ω) must first be calcu-
lated. The complex part of the α∗(ω) is related to the MSD power spectrum, δ r2⊥(ω), via
α ′′(ω) =−δ r2⊥(ω)/2kBT . The full linear susceptibility can then be found using the Kramers-
Kronig relations, which relate the real and complex parts of response functions, leading to:
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α∗(ω) =
L3c
kBT Lppi4
∞
∑
n=1
1
(n4+n2 f/ fc)(1+ iωτn)
(1.14)
Typically, the dynamic shear modulus as determined by microrheology is related to the lin-
ear susceptibility via the relation g∗(ω)∝ 1/α∗(ω), where the proportionality constant depends
on the microrheological technique [41]. Here, however, the lower case g is used for the shear
modulus because it differentiates the microrheological modulus from the full shear modulus:
the full modulus will take into account the solvent properties, and for high frequencies it is the-
oretically predicted that a G∗(ω) = (1/15)lcρ/α∗(ω)− iωη , where lc is the distance between
entanglements, ρ is the filament number density, and η is the solution viscosity [42, 43]. The
ρlc term accounts for the viscoelastic contribution of a single filaments per area, and the iωη
accounts for the solvent inertia. The high frequency limit of g∗ is proportional to ω3/4, which
is also predicted by other theories [42, 44]. Examples of the high frequency power law can be
observed in experiments on actin solutions [41, 43, 45, 46] and microtubules [47]. The applica-
tion of force alters the power-law exponent, and will cause it decrease from 3/4 to lower limit
of 1/2 at large tension.
1.1.3 Filamentous networks
In this section, we take the mechanical properties of single filaments outlined above and ex-
amine the mechanical properties that occur when they form networks. The mechanical prop-
erties of a network arise from the organisation and behaviour of its constituent filaments and
crosslinks [48]. As the mechanical properties of single filaments have already been covered, we
will first briefly examine the three standard types of a crosslink: the pin joint, the rotating joint,
and the weld joint. Pin joints transmit no bending moments between incident filaments, only
allowing axial forces, these usually correspond to connections in flexible polymer networks, but
may also describe the mating of semiflexible or rigid filament ends with a flexible crosslinker.
Rotating joints describe the pinning of semiflexible filaments or rigid rods with a flexible linker,
such that bending moments are transmitted along each filament but each filament can freely
rotate with respect to each other. Finally, there is a weld joint, where bending moments are
transmitted between incident filaments and there is an energy penalty when rotating with re-
spect to each other. These three are considered as “ideal” crosslinks, and sometimes it may be
necessary to make modifications to account for the crosslinkers own mechanical response, such
as in actin networks crosslinked with the compliant protein filamin-A [49–51]. An important
issue with respect to the dynamic response is how stable the crosslink is. In many biological
situations, crosslinks are not covalently bonded and may dissociate and re-form at a character-
istic rate. In the following discussion, we define permanent crosslinks as those that have no
time-dependent evolution.
Central force networks
Before discussing the mechanical properties of networks, it is well worth considering whether
or not we even have a network in the first place. There are two defined stages of network
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formation, namely, geometric percolation and stiffness percolation. Geometric percolation oc-
curs when every filament is connected to each other in some way, i.e., there is a path through
the network to navigate between any two crosslinks. Stiffness percolation, sometime called
the point of marginal stability [52], occurs when the modulus of the network at zero strain is
non-zero. Typically, stiffness and geometric percolation are discrete events, as just because a
network is geometrically connected it does not mean that stresses can be supported through-
out the network, the exception of being weld jointed networks. Although, recent work shows
that stiffness percolation can come close to geometric percolation when a fraction of rotating
joints are replaced with weld joints [53]. A critical factor in determining network stiffness is
the average coordination number, 〈z〉, where z is given by the number of incident filaments at a
crosslink. It was first shown by Maxwell that networks formed with pin joints (so called central
force networks) require a minimum 〈zc〉 of 2d to be stable, where zc is the critical coordination
number and d is the number of spatial dimensions [54]. In central force networks, forces can
only transmitted axially and consequently, filaments only contribute to elasticity through their
stretch modulus, µ , where µ = Y
∫
dS.
It is clear that for crosslinks between filaments (where 〈z〉= 4) rigidity will only be reached
with pin joints in two dimensions. As biological networks are typically in three dimensions,
where 〈z〉 must be greater than 6 for central force rigidity; there are clearly other factors in-
volved. Interestingly, rubber networks, which are aptly described by pin joints due to their
inherent flexibility, have an apparent non-zero modulus for 〈z〉 as low as 3. Theories of rubber
elasticity circumnavigate the issue by the implicit assumption of affine deformation at the net-
work edge (i.e., the network deforms locally as the macroscopic applied deformation), which
assumes the network is already stiff. However, it is often unnoticed that rubbers never truly see
the end of their shear modulus relaxation. This is frequently overlooked due to the very slow
relaxation at long times (tens of years), thus not typically noticeable on G′ vs t and log[G′] vs
log[t] relaxation plots, with the appropriate scaling being G′ vs log[t] [55, 56]. As to whether
there is true equilibrium is up to debate; however, recent work shows that affine elasticity can
be recreated as long as there is a finite bending modulus, no matter how weak, so long as the
network chains are very long [57].
Origins of network rigidity
Rubbers aside, there are primarily two ways for networks with freely rotating crosslinks to
transition to a finite shear modulus: the most commonly noted is to account for the bending
modulus, and the other is to consider prestress [57–59]. More recently it has been shown that
adding crosslinkers which have a finite energy cost when two filaments rotate with respect to
each other can also rapidly promote network stability [53]. In simulations on three dimensional
filament networks with coordination numbers below the critical value of 6, it is found that for
any finite bending modulus, A, that there is a finite shear modulus at zero strain [57–59]. Once
the network is stable, the small-strain elasticity can either arise from the bending or the stretch-
ing of filaments, determined by the ratio of bending modulus to stretch modulus, A/µ , where µ
is the stretch modulus (equivalent to kmLc). The coordination number also plays a role, as when
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z becomes much larger than zc, the network is highly constrained and elasticity primarily arises
from the stretching of filaments [58]. For networks of coordination 4, typical of biological net-
works and the crosslinking of filaments, it is found that when A/µ ≪ 1, the initial modulus
depends on A, and when A/µ≫ 1 the initial modulus depends on µ [58]; unsurprisingly, defor-
mation will occur via the mode of least resistance. Prestress, or applied strain, can also induce a
rigidity transition for central force networks, which may be thought of as aligning geometrically
connected elements to stretch such that they become taut. Simulations on isotropic, affinely de-
formed networks show that in this case the modulus increases as G ∼ {strain}2 [59]. The two
effects are not independent, and can work together to give network stiffening. For a network that
was initially stiff as a consequence of bending, prestress can initiate a strain-stiffening response
as filaments align with the strain and begin to be stretch, resulting in a stretch-bend coupled
modulus which at large strains will be dominated by stretching [58, 59].
Another consideration for a network under strain is whether it deforms affinely or non-
affinely, as well as the consequences of each type of deformation. If a network deforms affinely,
any local region will deform identically to the macroscopic deformation, whereas for nonaffine
deformation local regions may deform in any fashion to achieve local mechanical equilibrium
so long as when all the regions are taken together the macroscopic deformation is recovered.
All networks must be nonaffine at some scale, because they are made of discrete elements;
however, it becomes apparent that if the length scale of nonaffine deviations is not much larger
than the mesh size, the network can be said to deform in an approximate affine manner. A
full discussion of nonaffinity can be found in ref [60], but in general nonaffinity will lower the
shear modulus when compared to affine deformation, as there are fewer constraints on how the
material must deform internally [48, 59]. In the case of semiflexible filaments, deformation
can be either affine or nonaffine depending on the network structure and the level of strain (see
Fig. 1.7).
Figure 1.7 shows a ‘phase diagram’ of types of network elasticity as a function of fila-
ment length and density for 2D networks of 〈z〉 = 4. In other words, the diagram illustrates
the changes in elasticity that occur for semiflexible filaments with varying length and density
of filaments. At low densities and short lengths, a network can not form due to insufficient
crosslinking, leaving a solution of filaments. Above a certain density and length, percolation
occurs and the network gains stability. In the 2D network, this stability will occur even for
central force networks, but for a 3D network the finite modulus is solely a result of the extra
constraints provided by bending [57]. In either case, the network is nonaffine and the elasticity
is dominated by filament bending (see table 1.3); however, if the ratio of A/µ≫ 1, this elasticity
will be dominated by filament stretching [57, 61, 62]. At longer lengths and lower densities, the
network changes to an approximately affine regime, where the separation between crosslinks is
large enough for entropic elasticity to dominate. As the filaments are semiflexible, strain stiff-
ening occurs, where for permanent crosslinks the shear modulus increase with applied prestress,
G ∼ σ3/2 [63]. When the density is high enough, the distance between crosslinks is too short
for entropic elasticity to play a role and enthalpic stretching dominates. If A/µ ≫ 1, the affine
enthalpic regime will experience linear elasticity arising from the stretching modulus; however,
if A/µ ≪ 1, the affine enthalpic network will show strain stiffening as the network switches
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Fig. 1.7 Phase diagram adapted from ref [61], showing the prevailing mode of elasticity and
the network structure as a function of length and density for a fixed persistence length. At
low densities and lengths, the network is in solution, which gains marginal stability above a
critical density and length. At longer lengths and intermediate density, the network deforms
affinely and elasticity is dominated by the entropic stretching of filaments. At high densities,
the network is dominated by enthalpic bending and stretching of the network.
from enthalpic bending to enthalpic stretching. The theoretically predicted initial moduli for
each of these regimes are shown in table 1.3, valid for permanent flexible crosslinks between
semiflexible filaments. However, one must be clear that the response can be greatly modified
by changing the type of crosslink and its permanence [64]. That being said, there is often a de-
gree of redundancy in the mechanical response where, for example, adding angle constraining
crosslinkers to a free rotating crosslinked semiflexible network can enact a similar response to
changing filament density [53].
Network dynamics
We will now consider the dynamics of networks formed from semiflexible filaments; this can be
a question arising in the simple case of steric interactions in semidilute solutions, to the more
complicated situations such as networks formed with transient crosslinks between filaments.
The dynamics of a network stem from that of single filaments and their interactions, and it
is anticipated that the exact network geometry and heterogeneity does not alter the qualitative
nature of network dynamics, only the coefficients [21]. The effects of interactions, such as
crosslinking, steric interactions, and interactions with non-network species, can be accounted
for with two extensions to WLC model discussed in section 1.1.2, specifically by modifying
the filament relaxation modes in Eq. 1.13. The first extension leads to the ‘glassy worm like
chain’ model (GWLC) and deals with the slowdown or stretching of relaxation as a consequence
of interactions [21, 38, 39], and the second extension leads to the ‘inelastic glassy worm like
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Regime G′0 Prestress ref
Solution 0 const
nonaffine A/L4c const [57, 61, 63]
rubber kBTρ const [65]
affine entropic A2/kBTξ 2L3c G0(1+σ/σc)3/2 [32, 63, 66]
affine enthalpic A/L4c −→a 4µ/ξ 2 [57, 61]
Table 1.3 Theoretical predictions for the shear modulus of various network types. ρ is the
filament density, ξ is the mesh size, and σc = kBT Lp/L2cξ 2. a if A ≪ µ then there will be a
transition from bending dominated elasticity to enthalpic stretching elasticity at larger strains.
chain’ model (iGWLC), a modification to the GWLC that deals with the consequences of time
dependent crosslinking [21, 67–69].
The glassy wormlike chain, so-called from its analogy to soft glassy materials [20, 70], fol-
lows from a simple exponential stretching of the WLC relaxation spectrum in Eq. 1.13. The
stretch of relaxation times is defined by an effective Boltzmann factor, exp(ε), where ε is the
characteristic energy (in units of kBT ) of interactions that must be overcome to induce a confor-
mational change. As interactions are distributed spatially along the filament (e.g., steric inter-
actions or crosslinking), it stands to reason that modes of a longer wavelength will be inhibited
by a proportionally greater number of interactions, and modes shorter than a critical wavelength
will experience no interactions. Consequently, the WLC relaxation spectrum is modified to
τn → τ˜n =
{
τn (λn < Λ)
τn exp [ε(λn/Λ−1)] (λn ≥ Λ),
(1.15)
where Λ is the average separation between interactions, and the number of interactions above
Λ increases as (λn/Λ− 1). Substituting the GWLC relaxation spectrum into Eq. 1.14 gives
the linear susceptibility, and correspondingly, the microrheological modulus, g∗. The real and
imaginary parts of g∗, evaluated at zero tension, are shown in Fig. 1.8 for increasing values of
ε .
For both g′ and g′′, there are two distinct power-law regimes, one at low frequencies and
one at high frequencies, with the transition occurring at ∼ ωΛ = 2pi/τΛ. The high-frequency
power law is simply that of the single filament response and goes as ω3/4. The low-frequency
power law is a consequence of the exponential stretching, and its exponent is a function of the
interaction energy ε , prestress f/ fc, and relaxation constant τL. The exponent of the g′ low-
frequency power law, ωβ , positions the filament on a continuous scale between the states of
purely elastic, with β = 0, and purely viscous with β = 1. As the interaction energy increases,
the exponent decreases and the network becomes more elastic. At the limit of ε → ∞, the
interactions correspond to permanent crosslinks and the network becomes purely elastic at low
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Fig. 1.8 The frequency dependence of the real and imaginary parts of the GWLC microrheolog-
ical modulus, g′ and g′′, respectively, where g∗ ∝ 1/α at f = 0 for increasing interaction energy.
The plots are calculated using Eq. 1.14 with the modified relaxation spectrum from Eq. 1.15.
The x-axis is scaled by ωΛ = 2pi/τΛ, where τΛ is the relaxation time corresponding to the mode
of wavelength Λ, i.e., the smallest mode to ‘feel’ interactions.
frequencies until the transition to the high frequency regime, as is observed in experiments on
permanently crosslinked actin [43, 71]. The low frequency power law of g′′ does not increase
monotonically with increasing interaction energy as g′ does. Initially, g′′ will see a decrease in
power law and increase in magnitude with interaction energy, but as g′ approaches a power law
exponent of 0 and the network becomes more elastic, the magnitude of g′′ will begin to decrease
and the power law exponent will increase. This can be seen as the network sitting on a point in
a phase transition between purely liquid and purely elastic states with β acting as an effective
temperature.
The effects of prestress are more complicated, and can either result in strain stiffening or
strain softening depending on the strength of the interaction. It is expected that an applied
tension will assist the filament in overcoming interactions such that the effective interaction
energy is ε → ε± f/ f⊥, where f⊥ represents the scale of thermally induced force fluctuations.
In the absence of this tilting, prestress will lower the exponent and increase the shear modulus
resulting in strain stiffening; however, with the force-induced lowering of the barrier ε , this will
eventually be over-compensated and the network will soften. Consequently, networks present
a scale of stress stiffening depending on the value of ε , such behaviour is indeed observed in
experiments on actin [39, 72]. In the limit of permanent crosslinks, corresponding to ε → ∞,
strain stiffening goes as ∝ σ3/2, examples are seen in experiments [63] and predicted by other
theories as well [32]. In addition, as with single filaments, prestress will slightly lower the
exponent of the high frequency power, with the lower limit being ω1/2. This effect is observed
in actin filaments prestressed with myosin II [46].
The inelastic glassy wormlike chain (iGWLC) is a further modification of the GWLC model.
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iGWLC is designed to account for transient crosslinks, in particular for those seen in cytoskele-
tal networks [67, 68, 73]. The principle of iGWLC is to allow the separation, Λ, between
interactions to evolve in time, simulating the breaking or reforming of crosslinks. The results
of the iGWLC are succinctly expressed by the constitutive diagram shown in Fig. 1.9 and will
also be discussed later in the context of cells.
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Fig. 1.9 Constitutive diagram for the iGWLC model, adapted from ref [68]. The top panel
demonstrates the low and high frequency power law modulus, similar to those shown in Fig. 1.8.
The central panel illustrates the mechanical response to oscillatory shear as a function of fre-
quency and strain amplitude: at low amplitudes and frequency, the response is approximately
linear; at low frequencies and high strain the network exhibits plastic flow as crosslinks begin
to break; and at high frequencies and strain, fluidisation occurs. In the quasistatic regime (left
panel), there is strain stiffening at low amplitudes due to entropic stiffening individual chains,
but at high amplitudes (and stress) there is strain softening as interactions (e.g., crosslinks) are
more readily overcome.
The key result of the iGWLC is the description of network fluidisation, which arises from
the transient nature of the crosslinks: when the strain rate is low, crosslinks can break and re-
form during the time scale of strain; however, if a large strain is applied quickly, large stresses
can build up in the network as crosslinks have no time to unbind kinematically. Consequently,
the large stresses are enough to overcome the majority or crosslinks and the network fluidises.
This is followed by a period of recovery as crosslinks begin to reform.
1.2 Cytoskeleton and its constituent networks
In this section, we take the concepts of filaments and networks from the previous sections
and see how they can be applied to cell cytoskeleton, as well as in vitro networks formed of
cytoskeletal filaments. The cytoskeletal network, and its varying regional specialisations, are
constructed from three types of filament: actin filaments (sometimes called microfilaments),
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microtubules (MTs), and intermediate filaments (IFs). All three are remarkably stiff in compar-
ison to synthetic polymers, which is illustrated by their large persistence lengths: microtubules
Lp > 1mm, actin filaments Lp ∼ 17µm, and intermediate filaments Lp ≤ 1µm; consequently,
they behave in a semiflexible manner. Cytoskeletal networks are highly dynamic structures and
will reorganise themselves in response to external stimuli (mechanical or biochemical). This
process can be rapid, for example the whole actin cortex can be reassembled in a matter of min-
utes [74, 75]. The particulars of the network formed are determined by their associated proteins
(for example, actin has over 150 discovered so far [8]), which control assembly, disassembly,
and filament interactions (e.g., crosslinking) [12].
1.2.1 Protein filaments of the cytoskeleton
Actin filaments are constructed from globular-actin (G-actin), and may be regarded as two
parallel protofilaments wound together in a right handed helix of diameter 8nm. Through in-
teractions with the associated proteins, actin can form a range of structures suited to different
functions. These include isotropic networks, branched networks, bundled networks, and stress
fibres (with myosin II), see Fig. 1.10. Depending on their organisation and the type of crosslink,
they can resist notable compressional forces, this is in addition to tensional forces. Actin fil-
aments are polar, allowing myosin heads to ’walk’ in a preferential direction along their axis,
a process that has recently been videoed with high speed atomic force microscopy [76]. The
interaction of actin networks with myosin molecular motors can reshape the network and gen-
erate tension [8, 12, 77]. In the past decade there has been great progress in controlling the
structures formed with actin by using purified actin associated proteins [46, 63, 78–82]. More
recently, work has been carried out to create higher order actin structures: Reymann et al. built
structures such as concentric contractile rings formed by tailoring the position of actin nucle-
ation sites; [83, 84] and other work has resulted in a complete actin cortex being reconstructed
inside a liposome [85].
Intermediate filaments are the softest, most extensible of the cytoskeletal proteins, and at
present the molecular mechanisms governing their assembly and disassembly are largely un-
known [86]. Originally, they were named intermediate filaments due to their diameters being
typically around 10nm, placing them between actin filaments and microtubules. They are be-
lieved to have highly tissue-specific functions, with varying cells expressing different IFs (e.g.,
keratin in the epithelial cells and vimentin in mesenchymal cells). Generally, they may be sep-
arated into two classes: those which are situated in the cell nucleus and those that occupy the
cytoplasm. Only metazoan cells exhibit both types of IFs; insects only express nuclear IFs, and
plants and fungi express neither, which is believed to be a consequence of the cell wall [87].
This is in contrast to actin filaments and microtubules, which are present in all eukaryotes and
are highly conserved between species (i.e., the protein sequence differs little between species).
IFs play an integral role in the mechanical integrity of epithelial cells, in which IF networks of
individual cells are connected via transmembrane proteins called desmosomes to adjacent cell
networks [88]. Epithelial IF networks undergo continuous cyclic assembly and disassembly,
where filaments nucleate near the cell edge and move towards the nucleus bundling and form-
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ing networks as they approach; some fibres will join a more permanent IF network surrounding
the nucleus, whereas others will disassemble to be recycled [86]. In the cytoplasm, interme-
diate filaments are known to contribute greatly to strain stiffening at large extensions, which
is thought to protect cells from over-extension [89, 90]. In the nucleus, intermediate filaments
called lamins form the nuclear lamina, a meshwork primarily seated under the nuclear envelope
providing mechanical support, which leads to the nucleus being typically 5-10 times stiffer than
the surrounding cytoplasm [11].
Microtubules are the stiffest of the cytoskeletal filaments, with persistence lengths so large
that they remain relatively straight even when spanning large regions of the cell [91]. The
persistence length of microtubules is not constant and can vary dramatically depending on the
contour length, where Lp = 110µm for filaments of Lc = 2.6µm, increasing to Lp = 5mm for
Lc = 47.5µm [92]. As microtubules often span the length of the cell, their persistence lengths
are typically above 1mm. Microtubules are tubular structures of diameter 25nm formed of α-
tubulin/β -tubulin dimers, and in the cell, typically have one end attached to a centrosome near
the cell nucleus. The free end goes through stages of rapid growth and disassembly in a process
called dynamic instability, allowing them to rapidly probe intracellular space [93]. As with actin
filaments, microtubules are polar and will interact with molecular motors (kinesins); however,
in contrast to actin filaments, these molecular motors do not reorganise microtubules directly
and use the microtubules as intracellular highways to shuttle cargo [94]. Microtubules will re-
sist compressional forces, and their presence significantly alters the mechanical response of in
vitro actin networks by constraining the response of actin [95] and creating a fibre reinforced
gel [96]. This causes the actin networks to stiffen and gives rise to a more pronounced nonlinear
rheology [97]. The interaction of MTs with intermediate filaments considerably increases the
compressional forces they can withstand before buckling [98, 99]. This is due to intermediate
filaments acting as braces for microtubules, allowing bending modes to exist at higher modes
beyond the first. Compressional energy is then spread out between modes, and consequently,
buckling will occur at a larger compressional force [100]. On a tangential note, some also
link microtubules with consciousness, where it is proposed that coherent quantum processes
in collections of microtubules in brain neurons correlate with and help regulate synaptic activ-
ity [101, 102].
The cytoskeleton is coupled to the environment through integrins and cadherins, transmem-
brane proteins which bind to the extracellular matrix (ECM) and other cells, respectively. The
cadherin protein, desmosome, which has been mentioned previously, connects the intermedi-
ate filaments of epithelial cells together giving structural integrity to epithelial tissue. Both
cadherins and integrins are capable of binding to actin through adapter proteins which leads
to cytoskeletal remodelling. The binding of integrins can lead to the formation of focal adhe-
sions, large protein complexes that mediate force transmission, which can resist forces up to
100nN [103]. This force level is much higher than compared to a single fibronectin integrin
which can withstand only 1− 2pN [104]. Focal adhesions transmit forces between the ECM
and the cytoskeleton, but it is observed that if the ECM is not rigid, focal adhesions fail to ma-
ture [105], indicating the importance the cell environment on the cytoskeletal structure. For an
in-depth review of focal adhesion complexes see ref [103].
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1.2.2 Cytoskeletal networks in vitro and in vivo
In this section, we focus on the mechanical properties of actin networks formed in vitro and in
vivo, as they are the most heavily researched and show the widest range of structures of all the
cytoskeletal proteins. Figure 1.10 shows schematics of several actin networks in the cell, with
their associated crosslinkers.
Early work on the mechanics of actin networks used irreversible crosslinks, rather than
dynamic cytoskeletal crosslinkers, so as to focus on the response of actin filaments. These
networks often have distances between crosslinks comparable to the persistence length and as
such the filaments behave semiflexibly. At low crosslinking densities, linear elasticity is ob-
served corresponding to the nonaffine bending region in Fig. 1.7. Beyond a critical crosslinking
density, the network changes to the affine entropic region and strain stiffening behaviour is ob-
served where G′ ∝ σ3/2 [63], as is described by the GWLC model. The power-law rheology
of permanently crosslinked networks follows that of the GWLC with infinite interaction energy
(see Fig. 1.8), which represents permanent crosslinks by making the interaction between fila-
ments insurmountable. This leads to an observed plateau of G′ at low frequencies, implying a
purely elastic network, and an ω3/4 power law at high frequencies resulting from the individual
filament response [43].
Networks constructed by actin filaments and filamin form a loose gel of orthogonal fila-
ments at incredibly low crosslinking densities. Filamin is a large flexible cytoskeletal protein
(persistence length of 20nm) which preferentially crosslinks filaments at approximately 90o to
each other (see Fig. 1.10B). In addition, filamin crosslinks are transient and have a dissociation
rate constant of Koff ∼ 0.6s−1 [106]. In contrast to irreversible crosslinks, this leads to the ob-
served power law fluid rheology (see GWLC) with a low frequency power law of ω0.17 [73, 82].
With a greater increase in crosslinking, the network becomes more elastic and it leads to a lower
value of power-law exponent. This effect is equivalent to decreasing Λ in Eq. 1.15. Prestress
has a similar effect of decreasing the power-law exponent and increasing the modulus [73, 79],
highlighting the levels of redundancy in tuning the power law rheology and modulus of these
networks. However, unlike permanently crosslinked networks, the stress stiffening exponent is
less than 3/2 and will increase approximately linearly [73], as is discussed in the section on
GWLCs above. Above a critical filamin concentration, it has been found that filamin induces
the formation of actin bundles, increasing the bending stiffness and yield stress [107, 108].
This shifts the network away from entropic strain-stiffening into the regime of enthalpic bend
stretch strain-stiffening. Qualitatively, the rheological properties see little change, but there is
a corresponding decrease in the power-law exponent as the networks become stiffer and more
elastic. Prestress in actin networks does not have to come externally. In vitro experiments have
shown that networks can be prestressed internally via interactions with non-muscle myosin
II [41, 77, 79], or by self generated prestress during polymerisation [109]. In vitro contracted
actomyosin gels also increase their modulus and lower their frequency response substantially
with internally generated prestress [41]. Whether active networks (with myosin motors supplied
with ATP) will contract depends on the crosslinker concentration, e.g., filamin A threshold level
of crosslinking and interconnectivity is necessary for geometrically connected network. If the
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Fig. 1.10 Actin cytoskeletal networks: (A) Branched networks form with the APR3/2 complex
oriented towards the membrane, crosslinks maintain an angle of 70o. (B) Random network
crosslinking with flexible and extensible filamin crosslinker. (C) Stress fibres formed with long
orthogonal α-actinin crosslinks with parallel myosin II bundles. (D) Bundled network formed
with small orthogonal fimbrin crosslinks, together they form stiff filopodia protrusions.
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crosslinker concentration is well below that of marginal stability, the network is not connected
enough for stresses to propagate, and if the crosslinker concentration is too high, the network
may become too stiff to be reorganised [110].
The crosslinker fimbrin tightly crosslinks actin filaments in parallel bundles and is observed
in cellular protrusions such as filopodia and microvilli(see Fig. 1.10D) [111]. The parallel bind-
ing greatly increases the bending stiffness, taking them away from the semiflexible regime and
allowing them to resist significant compressional forces. The small size of fimbrin prevents
myosin from entering the bundles, and consequently, they generate forces solely by polymeri-
sation and growth. Another type of crosslinker is α-actinin, which like fimbrin, binds actin
filaments together in parallel; but unlike filamin, it is relatively long and leaves more open
bundled structures. Their open nature allows non-muscle myosin to interact with antiparallel
filaments creating contractile stress fibres (see Fig. 1.10C). Stress fibres can be long and com-
plex with varied staggering of actin and myosin (as opposed to the regular striated arrangement
seen in contractile sarcomeres) but their essential feature of antiparallel filaments being pulled
together by myosin remains the same [112]. Stress fibres are experimentally found to have an
elastic modulus of 1.45MPa [113]. Stress fibres in cells adhered to substrate can be classified
as ventral or dorsal, where ventral stress fibres develop tension between focal adhesions and its
attached substrate, and dorsal stress fibres develop tension between focal adhesions and actin
structures deeper in the cell [112, 114].
Branched networks are a key component of the lamellipodia, shown in Fig. 1.10A, a pro-
truding actin mesh which forms the leading edge of motile cells. Their growth is facilitated by
the ARP2/3 complex which nucleates new branches at a 70o angle to existing filaments, and net-
work branches are orientated such that they form a ±35o angle to the leading edge [115]. This
orientation is defined by the activation of APR3/2 which is linked to the cell membrane, ensur-
ing network growth (and the forces generated) are directed towards the membrane. The ARP2/3
crosslink acts as an approximate weld joint, and since the length between filaments is∼ 100nm,
leading to a ratio of Lp/Lc ≈ 200. According to Eq. 1.8, this therefore gives a rest length of
0.999Lc, as such the network filaments are relatively stiff. The suggested high persistence length
is confirmed by recent experiments, which demonstrate that the elasticity in branched networks
is predominantly enthalpic [116]. The lamellipodia resists compression and its polymerisation
generates forces to push the cell’s leading edge, a single filament can generate∼ 1pN as it poly-
merises [117]. The Euler buckling force of filaments in this network is ∼ 100pN, but as section
1.1.2 describes, buckling can occur at lower forces in a thermally fluctuating system. In vitro
networks formed from reconstituted filaments and APR3/2 complexes give an initial Young’s
modulus of 1KPa, much stiffer than typical reconstituted networks which have Young’s moduli
< 100Pa owing to their much longer filaments and reduced branching [82]. A schematic of the
typical relation between stress and modulus for branched networks is shown in Fig. 1.11.
Branched networks have a coordination number of 3, well below the point of marginal sta-
bility for central force networks, and owe their stability to the rigid crosslinks and relatively stiff
short actin chains between them (see section 1.1.3). Figure 1.11 separates the strain response
of such networks into three regimes: linear, stress stiffening, and stress softening. The linear
regime arises from the bending elasticity of the network [118, 119], which then enters the stress
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Fig. 1.11 Schematic of the storage modulus as a function of imposed stress demonstrating the
reversible strain stiffening observed in in-vitro branched actin networks, adapted from ref [80].
stiffening regime where the bend-stretch stiffening occurs. In this regime, some chains become
aligned to the deformation axis and begin to enthalpically stretch, while others are still sub-
jected to compression. At a critical stress, the compressed chains will begin to buckle, relieving
some of the internal stress and the network goes through stress softening with increasing stress.
The softening is reversible, as although the chains have buckled, their ends are still attached to
the network. Therefore upon the tension being relieved, buckled filaments will return to their
unbuckled state [80]. Rheological experiments on branched actin networks reveal power law
rheology as describe by the GWLC with a low frequency power law exponent of β = 0.13,
placing them close to the elastic regime [80].
Further considerations may be necessary for cytoskeletal networks absorbed to a membrane,
such as occurs for the spectrin network in red blood cells (RBCs) where a composite membrane
cytoskeletal layer is formed. In this system, somewhat counterintuitively, greater crosslinking
to the membrane results in softening, the origin of which lies in the entopic nature of the fil-
aments [120]. Moreover, in such systems the stiffness can be controlled by tuning the active
turnover crosslinks and the dissociation rate [121, 122].
1.3 Cell mechanics
The study of cell mechanics is a highly active field, and a plethora of techniques have been
developed to probe cells internally, externally, and at varying length scales and frequencies.
Figure 1.12 shows a schematic on an adhered cell with some of the techniques available for
measuring cell rheology. Magnetic twisting cytometry (MTC) uses a magnetic field to oscil-
late magnetic beads at a set frequency and amplitude. The beads are often coupled directly to
cytoskeleton via a fibrin coating which attaches to surface integrins [70, 123]. The magnitude
of strain is small enough that the cell response is linear, avoiding complicated issues of strain
stiffening. Particle tracking microrheology (PTR), including passive, active and two-point rhe-
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ology can be used to probe the dynamic modulus of local regions within the cell via injected or
phagocytosed beads [40, 124]. Care should be taken when interpreting the low frequency re-
sults of passive microrheology, as the technique is based on the fluctuation-dissipation theorem
(FDT) which assumes bead movement originated from thermal motion and the complete aver-
aging over a measurement cycle. However, as cells are active, myosin activity and other active
transport may interfere with the passive bead motion. This results in a greater mean squared
displacement of a bead measured over longer time scales, falsely inferring a more compliant
material [10, 41, 46]. At high frequencies, FDT is valid again as the biological activity has a
time scale approximately > 10−3s. In comparison to passive microrheology, active microrheol-
ogy, where beads have a driven oscillation via magnetic fields of optical tweezers and does not
use FDT, is valid for all frequencies [41, 46, 124]. Atomic force microscopy allows for high res-
olution large force measurements to be made on cells, but generally accesses lower frequencies
of up to 200Hz [125, 126].
In addition to direct measurement of cellular response to external forces, forces exerted by
the cell on their surroundings have also been subjected to intensive studies due to their impli-
cations in tissue re-modeling and cell migration. Traction force microscopy can measure the
stresses which cells apply to a substrate by tracking the displacement of beads in a substrate of
known modulus [127, 128]. Recently, this been extended to cells embedded in 3D substrates
to visualise cells in a more physiological environment [129, 130]. Global forces can be applied
to cells by deforming the substrate, and the response can be measured using either MTC or
microrheology for beads embedded in the substrate [9, 131]. Other techniques not shown in
the figure include: laser cutting, which uses laser nanoscissors to cut cytoskeletal elements and
observe relaxation [127]; microelectromechanical systems (MEMS) for cells, which utilises mi-
crofabrication techniques to create a variety of structures to test the mechanical properties [132];
micro/nano fluidics [133] and micromanipulation, in which a force is applied to the cell (via a
micropipette or micro-pillar) and the transition to a new mechanical equilibrium is monitored
(e.g., growth of focal adhesions and stress fibres) [134, 135].
In this section we look at the mechanical response of the whole cell and its surprisingly
consistent behaviour, despite the various types of cells and their complexity. We first discuss the
different regimes of cell response associated with a rheological measurement, then consider the
effects of force-dependent behaviours, and finally give example theoretical models accounting
for the observed responses and behaviours.
1.3.1 Power-law cell rheology
Although the reported elastic modulus varies significantly, with values between 0.1− 10kPa
depending not only on the measurement technique but also the cell type [136], the rheology of
cells is surprisingly simple. Independent of the technique, region of the cell, or the cell type, the
cell rheology is consistently found to obey a simple power law of the form [9, 123, 137–140]
G∗ = Aiωβ1 +Biωβ2 , (1.16)
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Fig. 1.12 Scheme of a cell and its cytoskeletal network, and some methods of measuring cell
rheology. FA is a focal adhesion and FCMB stands for the fibrin coated magnetic bead which
is used in the magnetic cytometry. The fibrin allows the beads to be coupled directly to the
cytoskeleton. The beads (single, or multiple) in the cytoskeleton are used for particle tracking
rheometry (PTR), which may be active or passive. The AFM cantilever allows high resolution
large force measurements to be acquired depending on the attached tip/bead. Another method
of applying force to the cell is stretching the substrate beneath it.
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where A, B, β1, and β2 are constants (see Fig. 1.8). This is often reported as simply G∗ = Aiωβ1
or an equivalent expression, since the second term Biωβ2 only dominates at high frequencies.
This high frequency regime presents itself with a power exponent of β2 ≈ 3/4, alluding to high-
frequency single filament response of the cytoskeleton [139–142]. Therefore, the discussion
will focus on the β1 power-law, which dominates at the more physiological timescales, or the
frequency range ∼ 0.01− 1000Hz. The rheology here is often described as ‘scale-free’ in
reference merely to there being no single characteristic relaxation time [9, 123, 138, 139]. This
scale-free rheology and power-law response was first described by Fabry et al., where it was
fitted with a phenomenological model based on soft glass rheology (SGR) [20, 70]. As was
discussed in the previous section on GWLC rheology, the exponent β1 describes where the cell
(or another network) sits on a scale between completely elastic behaviour (where β1 = 0) and
purely viscous behaviour (where β1 = 1). For any exponent above 0, the cell will never truly
see an end to its relaxation and consequently, behaves as a power-law fluid. Cells typically
exhibit β1 values closer to the elastic than the viscous behaviour, in the range of 0.1− 0.5.
The frequency response of a single cell is not spatially homogenous, and it has been suggested
that there are two regions of distinct rheology. At the actin cortex the power law is lower
and the region is more elastic, whereas the deep cell interior has a higher power and is more
fluidic [124, 139]. In the past, there was some contention as to whether free-floating cells
obey this power law, following from experiments carried out with optical tweezers [143, 144].
However, these reports have since been amended, and it is believed free-floating cells do obey
power law rheology [145]. In addition, one needs to be wary of rheological measurements with
large deformations due to the effect of cytosol flow and poroelasticity (discussed below).
The scale-free region holds well in the region of ∼ 10−2− 103Hz for small deformations.
However, at very low frequencies there have been reports of third, more fluid like, power law,
although it is difficult to know if this has meanings in terms of cytoskeletal structure as extensive
remodelling can occur over these time scales [146, 147]. Very recently, it has become apparent
that the flow of cytosol through the impeding cytoskeletal network will also play a role in
cell relaxation [126]. This porous flow relaxation is in addition to the power-law rheology,
and is described well in the framework of poroelasticity which gives rise to a single exponential
relaxation time determined by the elasticity and pore size of the network, as well as the viscosity
of cytosol. The effects of poroelasticity are only apparent for large deformations and at times of
less than∼ 0.5s. Although there are hints of it in older work [144, 148], it is surprising that this
theory has only been reported recently, a fact which the authors attributed to techniques such as
MTC and particle tracking rheology being isochoric with little fluid flow.
1.3.2 Effects of prestress
Adhered cells exist in a prestressed state, with tension developed by stress fibres balanced by
ECM adhesions and microtubules. The distribution of stress in the cell is nonuniform and is
believed to follow discrete cytoskeletal elements [149, 150]. The tension can be controlled by
substrate stiffness but also by cytoskeletal drugs, which moderate cytoskeletal polymerisation
and actin-myosin activity. Typically, the stiffer the substrate the greater the tension, and if
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the substrate is too soft, stress fibres fail to form [12]. In experiments where single stress
fibres are cut with laser scissors, it is observed that on soft substrates a change in cell shape
is induced, whereas on stiff substrates many fibres must be cut before a significant change is
observed [127]. It is now well established that the cytoskeletal prestress can control the power
law exponent value [10, 138, 151], as is also true for prestressed actin/filamin-A networks [79,
82] described by the GWLC model earlier. The greater the prestress, the more elastic the cell
becomes, resulting in a higher apparent modulus and a low power-law exponent. Prestress may
serve many purposes. Firstly, it is obvious that prestress can only exist if there is another body
imposing an equal and opposite force. For an adhered cell, this is primarily the ECM which
allows the cell to mechanically probe the substrate, particularly its stiffness [152]. Another
consideration, as was discussed in the theoretical section on networks (section 1.1.3), is that a
3D network with coordination number of less than 6 is far from stable if only central forces are
considered. Although there are different ways to increase stability, prestress may be seen as one
of the most common origins of network stability and presumably the stability of cytoskeletal
networks.
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Fig. 1.13 Shear modulus at zero strain as a function of applied stress for increasing prestress.
Adapted from creep experiments by Kollmannsberger et al. [10]
Just like almost all filamentous networks, cells exhibit stress stiffening [10, 137, 138].
Recently, it has been shown that the extent of stress stiffening strongly relates to the pre-
stress, where the greater the internal prestress the lower the stress stiffening. This is illus-
trated in Fig. 1.13 which shows the immediate differential stiffness, K′(σ), of cells directly
after an applied external stress, σe, for varying internal prestress, σp, as determined from creep
experiments on seven cell types [10]. The differential stiffness is defined as K′ = dσ/dγ ,
that is, merely represents the local slope of a non-linear stress-strain relationship. It was ob-
served that as the cell prestress increased, there was a larger initial modulus and a reduced
stress stiffening response with respect to the external stress. This was explained with contri-
butions of internal prestress and external prestress following the heuristic relationship K′(σ) =
K′0+a(σp+σe) [10]. This is similar to the approximately linear relationship observed for the
actin network formed with filamin [73].
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1.3.3 Fluidisation
Another prominent feature of cell rheology is their ability to fluidise under certain conditions,
typically decreasing the shear modulus and increasing the power exponent. This was first inves-
tigated in experiments by Trepat et al., where the substrate beneath adhered cells was rapidly
strained to varying degrees while the dynamic shear modulus was measured using MTC [131]
(see Fig. 1.12). It was found that the larger the stretch, the larger the fluidisation, which means a
decreased modulus and an increased power-law exponent. Following fluidisation, cells undergo
a period of recovery, where the modulus steadily increased to recover its initial value. Ex-
plained in the context of iGWLC, such a behaviour can be said to arise from the transient nature
of cytoskeletal crosslinks. If a large rapid strain is applied, there is little time for crosslinks to
disconnect and reattach; consequently, the large stress build up results in the dissociation of the
majority of crosslinks and fluidisation. Following this, there is a period of recovery as crosslink
reattaches and the network reforms.
The creep experiments on cells also exhibit fluidisation behaviour. The creep modulus of
a cell is described by J(t) = J0(t/t0)β1 , where β1 represents the now familiar power-law fluid
rheology of the cell. The fluidisation, defined as an increase in β1, was observed to be the most
pronounced for cells with the greater prestress; in contrast, cells with little prestress showed no
observable fluidisation. Interestingly and perhaps counter-intuitively, the creep modulus was
observed to increase in spite of fluidisation, i.e.,, the cell becomes more viscous, demonstrating
the interplay between stress stiffening and fluidisation. To clarify, equilibrium prestress results
in a lower exponent and a greater modulus, but external non-equilibrium stress results in an
increased exponent and modulus. Similar responses were also observed in oscillatory mea-
surements on F-actin/rigor heavy meromyosin networks which are successfully modeled by the
iGWLC model (see Fig. 1.14) [68].
In the context of the iGWLC model, the fluidisation seen in the creep experiments corre-
sponds to the 16% and 28% amplitude response seen in Fig. 1.14, where the fluidisation occurs
but not enough to lower the modulus below that of the zero strain state. In contrast, the larger
strains seen in the cell substrate stretching experiments, are likely at an amplitude to fluidise the
cell to point where the relaxed modulus is lower than that of the zero strain rate, similar to the
40% amplitude oscillations in Fig. 1.14.
1.3.4 Theoretical models
After highlighting the key rheological response of a cell in the context of semiflexible networks
(i.e., the GWLC to iGWLC), it is worth reviewing some other models of cell mechanics. There
have been numerous attempts to model and explain the mechanical properties of the cell, but
currently no single model explains the full range of mechanical behaviour [138].
The tensegrity model is a top down approach which models the cell as a prestressed struc-
ture of tensed cables and compression resisting elements [153, 154]. A tensegrity structure,
literally meaning tensional integrity, is typically formed of isolated compression resisting units,
connected and stabilised via tensional elements (a pertinent example would be a modern dome
tent, where tent poles are compressed and the base is under tension). In an adhered cell, it is
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Fig. 1.14 Inelastic response of F-actin/rigor heavy meromyosin networks relating to iGWLC
model, taken from ref [68]. (a) Shows a schematic of oscillatory shear applied to the network:
oscillations are at a constantω = 0.025Hz, and every 30 cycles the strain amplitude is increased.
(b) Measured and iGWLC-predicted (inset) differential modulus at peak amplitude as function
of the cycle number, n. Up to 40% strain amplitude, there is a clear increase in modulus and
fluidisation (relaxation) with increasing strain amplitude as strain stiffening and fluidisation
compete. At 40% strain amplitude, fluidisation dominates and the modulus relaxes quickly to
lower than the initial value.
proposed that tension is generated through stress fibres and actin-myosin machinery, which is
balanced by focal adhesions to the ECM and the compression of microtubules. Many facets
of cell behaviour agree with tensegrity: prestress increases elasticity [10, 123]; forces applied
at focal adhesions are transmitted deep into the cell [155]; and microtubules bear compression
and buckling increases with prestress [98, 99, 155]. However, current tensegrity models have
not yet accounted for the power-law frequency response [156] or fluidisation, nor do they take
into account the entropic nature of its structural elements. This could potentially be resolved by
incorporating semiflexible elements, rather than purely enthalpic elements.
The isostatic continuum model [157], demonstrates that it is not necessary to use discrete
cytoskeletal models, as is often suggested. In fact, the idea of using discrete models to explain
action at a distance is misguided in the assumption that stresses will remain focused over large
distances. This is only true for distances on the scale of the mesh size, but in cells, action is
observed over distances much larger than the mesh size of cytoskeletal networks [155]. In this
case, stresses will disperse and it should be possible to model the behaviour on large scales using
classical continuum elasticity theory. However, continuum models can give rise to nonuniform
force channeling if their field equations are hyperbolic. Under such differential equations, forces
do not spread uniformly but rather follow a characteristic path determined by the equation.
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Blumefeld explains that hyperbolic equations can arise if the network is critically isostatic,
meaning that it is only just reached marginal stability [157]. This is not unlikely for cytoskeletal
networks, which have coordination numbers far below the critical coordination number of 6 for
central force networks (see section 1.1.3).
Soft glass rheology (SGR) was first applied by Fabry to explain the rheological properties
of cells [70]. The rheological properties of soft glasses, such as foams, emulsions, pastes and
slurries, arise from structural disorder and metastability [20]. The mechanics of soft glasses
is determined by a distribution of yield energies, or energy traps, which define the metastabil-
ity of the system, as well as an effective temperature, X , which determines the ease at which
traps are overcome. The resulting dynamics follow a power law of ωX−1, where X = 1 is an
elastic solid and X = 2 is a viscous fluid [20]. The parallels with cell rheology are compelling,
exhibiting low storage and loss moduli (in the range of single Pa to kPa) which increase with
frequency as a weak power law [70, 123], fluidisation upon shear [9, 10, 131], and anomalous
diffusion [7, 123]. However, SGR lacks molecular details, and cannot explain strain stiffen-
ing or the high-frequency power law. A key postulate of soft glassy rheology is the increase
in initial modulus with a decrease in the power-law exponent. This predictable relationship
leads to an apparent convergence of extrapolations of cell power laws. This method allows
cells to be described by a single parameter, the effective temperature X , since other constants
are identical for all cells [9, 123, 124, 158]. However, the opposite relationship is seen by
comparing measurements of single cell type measurements, where a simultaneous increase in
modulus and power-law exponent are observed, indicating that stiffer regions have a more fluid
like rheology [123, 159]. An explanation for this is that, deeper bead indentation and greater
attachment to the cytoskeleton means that features closer to the nuclear envelope were probed,
this inevitably resulted in a high modulus and a more viscous response [123]. In all, the above
examples illustrate the feasibility of adapting some well-established gel network theories to ex-
plain passive cell behaviours. However, none of the models so far can account for the active
contraction of cells [138].
1.4 Fibrous tissue mechanics
Looking beyond the cytoskeleton, we find that biology is rife with filamentous networks. A
common feature of these networks is nonlinear strain stiffening, and it is often alluded that
these networks owe their stiffening to semiflexibility. In this section, we explore whether this is
the case by looking at prevalent filament forming proteins such as fibrin, collagen, and elastin,
as well as the networks they form. Furthermore, we examine how collagen and elastin can work
together to tune the elastic properties of soft connective tissues.
1.4.1 Extracellular matrix fibrils in tissue
Fibrin is a filamentous protein formed of fibrinogen and establishes networks that serve as
the scaffold for blood clots. The fibres formed have diameters ranging between 10− 200nm
depending on the formation conditions [119, 160]. At a diameter of 10nm the persistence
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length is 500nm, so with typical network mesh sizes of 270nm, filaments can be considered to
behave semiflexibly [161]. At large diameters the persistence length increases, and filaments
become essentially stiff (non-thermal). This leads to transition in the mechanics from entropic
elasticity to solely enthalpic elasticity [119]. As discussed in the section on networks (section
1.1.3), nonlinear strain stiffening still occurs in these networks, manifested as the transition from
bending elasticity to stretching elasticity: at low strains, the elasticity results from the bending
fibres, but at higher deformations fibres align to the strain and begin to stretch, resulting in strain
stiffening [118, 119]. In general, the mechanical properties of uncrosslinked fibrin networks
depends on strain history, a function likely related to adapting to forces at wound sites before
becoming crosslinked and exhibiting reversible strain stiffening elasticity [162].
Collagen has been expressed since before the Cambrian explosion, more than 540 millon
years ago, and is still produced by all multicellular (metazoan) cells today [5]. In mammals,
it provides strength, elasticity and structural stability to fibrous tissues. Currently, 28 types
of collagen have been identified in the human body, and together they make up one-third of
the protein weight [163]. Collagen I, a fibril-forming collagen, accounts for around 90% of
collagen and is the main structural component of connective tissues such as tendons, fascia, and
bone [164]. It is heavily researched and often used to create reconstituted collagen gels [165];
accordingly, collagen I will be referred to as plain collagen from now on.
Whether collagen fibrils are semiflexible can be difficult to ascertain, primarily as a con-
sequence of the hierarchical structures of collagen. A single collagen molecule is formed of
left-handed alpha peptide strands, which come together to form a right handed triple helix of
contour length ≈ 300nm and diameter of 1.5nm stabilised by numerous hydrogen bonds. A
range of values have been reported for the single molecule persistence length, including 175nm
(calculated from hydrodynamics) [166], 95nm (calculated from sedimentation constants and in-
trinsic viscosity) [167], 57nm (measured from electron micrographs) [168], and 14.5nm (WLC
model fitted to a single molecule for extension) [169]. A recent article reports that differences
can be explained by the technique and the environment collagen has been tested in [170]. There
are also measurements of the persistence length of collagen molecules in varying solutions by
analysis of molecular conformations on a 2D surface as characterised by AFM. It was found
that in deionised water, collagen is relatively flexible with a persistence length of 12nm, whereas
in fetal bovine serum (FBS) and phosphate buffer solution (PBS), the persistence lengths were
135nm and 162nm, respectively. Regardless of the explicit value, the persistence lengths of
single collagen molecules are clearly in the range of semiflexibility.
In vivo and in vitro (under the right conditions), molecules of collagen will aggregate
through entropic and electrostatic interactions to form collagen fibrils with a distribution of
diameters (100−500nm). The fibril structure is highly ordered, with molecules aligned parallel
to the fibril axis and staggered with respect to their neighbours. The staggering of molecules
creates regular overlap regions of length 31nm and gap regions of length 36nm, both repeat
every 67nm and are visible as the well known D-banding seen in electron micrographs (see
Fig. 1.17F). Crosslinking can further stabilise the fibril: with low crosslinking fibrils being
more dissipative and show large yield regimes, but with increasing crosslinks fibrils become
stiffer and more brittle [171]. A common approach to calculating the bending stiffness of a fila-
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ment is to use the relation A=Y I, where Y is the Young’s modulus, and I is the second moment
of area equivalent to pir4/2 for a rod [34]. However, this relation is based on elastic continuum
theory and is only valid for isotropic homogeneous materials. As collagen fibrils are structurally
anisotropic and there may be internal shear, it is important to test the bending modulus directly.
This has been done by Yang et al. who bent collagen fibrils at different length scales using
AFM in physiological conditions [172]. From their results, the lowest bending stiffness was
6.4× 10−19Nm2 corresponding to a persistence length of ∼ 10m. Further comparison to the
Young’s modulus of other experiments, which are typically between 0.3−2GPa, and assuming
the relation A = Y I is approximately valid, it can be inferred that the persistence length is just
under 1mm when that diameter is less than 20nm. Consequently, collagen fibrils are unlikely
to be semiflexible in most conditions, and as other reports suggest, they are better described by
athermal models of nonaffine stretching [62, 173, 174]. Experimental evidence supports this,
with analysis of scanning confocal microscopy images of collagen networks reporting that the
persistence length of in vitro network is greater than 1cm [175]. This may not true be for recon-
stituted fibrils of a particularly low modulus or diameter; but in the biological settings, collage
fibrils are rarely less than 100nm [176].
Although collagen fibrils are generally not semiflexible, they do exhibit nonlinear strain de-
pendence due to their internal structure. Figure 1.15 illustrates the strain stiffening behaviour of
a single collagen fibril in solution. The strain response is separated into three regions: the toe,
the heel, and the linear region. The toe region is simply a consequence of the natural waviness,
sometimes called crimp, of the fibre being removed resulting in a linear, low modulus region
from fibre bending. The constituent collagen molecules are not perfectly aligned to the fibril
axis and whilst in solution they fluctuate. Once the fibril is straight, the molecules begin to
straighten and the fluctuations are pulled out, resulting in the observed strain stiffening heel re-
gion. The heel region does not exist in dry fibrils tested in vitro as molecules are closely packed
with no solution providing electrostatic shielding; consequently, dry fibrils behave linearly once
straightened [177, 178]. Following the heel region and the straightening of molecules in wet
fibrils, a liner regime is entered where elasticity results from the interfibrillar sliding of collagen
molecules and the stretching of crosslinks [1, 178–181].
Elastin fibres comprise of an outer core of microfibrillar mantle and an inner core of amor-
phous crosslinked elastin [182]. The fibres provide elastic recoil and elasticity to fibrous tis-
sues. They are the most resilient proteins in the body, typically lasting a life time, having a
half-life of 74years. This was found experimentally, amongst other methods, via the C14 con-
tent of human elastin which appeared following the detonation of nuclear weapons [183]. The
microfibrillar sheath is constructed mainly of fibrillins and is believed to act as a scaffold dur-
ing elastin deposition and is essential for fibre integrity [182]. The elastin core is formed of
crosslinked tropoelastin, which has only recently had its nanostructure resolved [184], and is
an asymmetric molecule with two functionally distinct regions separated by a long elastic coil
region [184–186]. The elasticity of single tropoelastin is well defined by the WLC model, with
a persistence length of∼ 0.35nm and a contour length of∼ 166nm [184]. However, as Lp/Lc is
rather small, and the resting length is ∼ 20nm, the stress-strain curve is only nonlinear at high
strains. Tropoelastin is highly elastic, withstanding up to 800% strain with no observable hys-
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Fig. 1.15 Collagen fibril response to strain. Toe region: the initially wavy (crimped) fibre is
straightened, accompanied by a small linear increase stress. Heel region: once the fibre is
straight, strain causes the straightening and alignment of individual collagen molecules in the
fibre, and there is an internal entropic origin to the elasticity. There is lengthening of the fibre but
little change to the D-banding separation. The linear region: once the collagen molecules have
been aligned, strain induces the interfibrillar sliding of collagen molecules and the stretching of
crosslinks [1, 178–180]. Beyond this, there will be the breaking of crosslinks and fibre failure.
teresis. Upon crosslinking, the extensibility is reduced and elasticity is increased [187]. Single
elastin fibres in vivo, constructed of crosslinked tropoelastin in microfibril shell, are extensible
up to ∼ 200% and have a linear response up to ∼ 100% strain with a Young’s modulus ranging
between 0.1−1.2MPa, but on average 0.4MPa [4, 188].
1.4.2 Soft connective tissue
Soft connective tissue consists of extracellular matrix and denizen cells, the most prevalent of
which are fibroblasts (or the close variants, such as tenocytes and myofibroblasts); examples of
connective tissue are fascia, ligaments and tendons. The primary constituents of ECM are gly-
cosaminoglycans (GAGs), proteoglycans (PGs), collagen fibres, and elastin fibres. GAGs are
linear unbranched polymers of repeating disaccharides composed of a hexosamine and a uronic
acid, the most common GAG being hyaluronan, they are highly negatively charged and osmoti-
cally active, drawing water into the interstitial spaces [189]. GAGs occupy much of the space of
the ECM and form hydrogels at low concentrations, their high osmotic activity drives the influx
of water keeping the ECM turgid and providing mechanical strength against compression. All
GAGs apart from hyaluronan will covalently bind to a protein forming proteoglycans. Collagen
and elastin fibres act to reinforce the ECM providing mechanical strength and elasticity, the
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properties of which depend on their concentration and organisation (see Fig. 1.16).
The common aspect of all fibrous tissues is their nonlinear strain response, observed as an
initial linear response with small modulus which remains up to a characteristic strain. Beyond
this strain, the modulus increases smoothly and substantially until a second linear regime is
reached (similar to the response in Fig. 1.15 and Fig. 1.5) [191–195]. This transition between
regimes has many names, including heel region, transition region, and recruitment region. The
exact mechanical behaviour will depend on the organisation of collagen and elastin as well their
quantities, leading to a high level of tunability.
Figure 1.16B shows a schematic of elastin and collagen networks in subcutaneous fascia
(or loose areolar tissue). Fascia forms a contiguous network throughout the body, connecting
muscle to bone, bone to bone, and organs to their supporting structures [196–198]. Collagen
fibres take meandering paths, forming a loose network of randomly oriented fibres, and at low
strains, collagen fibres offer little resistance (see Fig. 1.15). Consequently, the elastin network is
important for small strain elasticity, and is believed to be important for recoil post-strain, which
assists collagen fibres in returning quickly to their rest position [199]. Elastin networks are also
suggested to play a similar role in ligaments [200]. At larger strains, the response is dominated
by the collagen response, and the connective tissue quickly stiffens with an order of magnitude
increase in the differential modulus [201]. The interplay between collagen and elastin fibres
is particularly important in tissues such as the lung [202] and the cardiovascular system [4],
where elastin allows large elastic deformations with low hysteresis, and wavy collagen fibres
protect the tissue from damage at large distentions. Figure 1.16C shows a crude schematic of
an elastic artery, where the elasticity helps to maintain blood pressure between heartbeats. The
elasticity can also allow the arteries to act as a reservoir for blood, this is particularly true of
the ascending aorta which has twice as much elastin as collagen allowing greater distensibility
to accommodate the blood emerging directly from the left ventricle of the heart [190, 203].
The outer collagen sheath limits distension, helping the artery maintain integrity [4], and it is
typically only recruited at over 20% radial strain [203]. This can be seen in Fig. 1.17A-B,
which shows the collagen network in an artery at zero pressure and at 140 mmHg taken with
3D fluorescence laser confocal microscopy [204]. Indeed, mice without this collagen sheath die
suddenly in late development caused by aortic rupture [205].
Tendons transmit force between muscle and bone and must withstand large stresses. Ten-
dons contain little elastin (∼ 2% the dry weight compared to collagens at 60−85%) [208] and
the mechanical properties are primarily down to the organisation of collagen, which are highly
aligned to the predominant strain direction (see Fig. 1.16A). The constituent fibrils vary in
diameter, where it is thought that small diameter fibrils act more elastically, whereas larger fib-
rils can withstand larger stresses (a perpendicular cross section can be seen Fig. 1.17E) [206].
Fibrils are connected laterally to each other and bundled together via non-covalently bonded
proteoglycan bridges, which occur periodically every 64−68nm (comparable to the D-period).
Once fibres are formed, their removal does little to change the fibril arrangement [209]. Al-
though they are non-covalently linked, their binding strength exceeds the failure strength of the
GAG chain, which has a maximum force extension stiffness of 3.1×10−11N/nm [210]. There
is experimental evidence that collagen fibrils in ligaments and tendons are long (on the mm
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Fig. 1.16 Example schematics of connective tissue structure: (A) Tendon formed of bundled
fibres arranged in parallel to the typical stress, there are a few elastin fibres. (B) Subcutaneous
tissue with wavy randomly oriented collagen fibres with an underlying elastin network. (C)
Elastic artery, formed of wavy collagen fibres and elastic fibres with few smooth muscle cells,
the ratio of collagen to elastin, as well as number of smooth muscle cells is highly dependent
on the artery position [190].
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Fig. 1.17 Collagen fibres in (A) unstrained aorta and (B) strained aorta, acquired by staining col-
lagen with CNA35 and using 3D laser confocal microscopy. Adapted from ref [204]. Collagen
fibres in (C) unstrained tendon and (D) strained tendon acquired using multiphoton microscopy.
Adapted from ref [195] (E) Transverse TEM image showing the arrangement and varied diame-
ter of collagen fibrils in the tendon. Adapted from ref [206] (F) High magnification of collagen
fibrils showing the characteristic 67nm D-banding. Adapted from ref [207]
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scale), and either span the length of the tissue or are long enough to be consider functionally
continuous [176]. Whether or not this is true has led to some controversy over the significance
of proteoglycan bridges to tendon mechanical properties, and to whether proteoglycan bridges
may be important in transmitting stresses between collagen fibrils. However, experiments have
shown that partial enzymatic depletion of GAGs does little to alter the modulus at physiological
strains [211]. Indeed, their role is little needed if collagen fibres are functionally continuous,
such that collagen fibrils split and join into other fibrils, as has been observed [176, 206]. This
is reinforced by tendon models which show that for long collagen fibrils, proteoglycan deple-
tion will have little effect on the mechanical properties; however, if fibrils are short enough,
proteoglycan depletion reduces the mechanical strength considerably [212].
In excised tendons, collagen fibres are highly crimped (see Fig. 1.17C), but also overlap
and cross over each other [213]. Upon stretch, their straightening is clearly visible and associ-
ated with the heel region [214] (see Fig. 1.17D). This realignment and straightening of crimped
(wavy) collagen fibres in tendons has been confirmed in experiments of fibre visualisation using
multiphoton microscopy [195] and changes in the tissue’s light polarisability [192, 193, 207].
The strain stiffening response of tendons is primarily believed to be a result of individual fibre
recruitment [215]; although, as we have seen there are many other contributors to nonlinear-
ity, such as the individual collagen fibril response. This follows from individual fibres being
crimped to varying degrees, as the tendon is stretched individual fibres will begin to be re-
cruited, steadily increasing the modulus. At a critical strain, all fibres will have straightened and
the response will be approximately linear. This is corroborated by experiments, where shortly
after crimp is extinguished (typically 2−3% strain), the tendon response is linear and elasticity
results from interfibrillar sliding facilitated by the stretching of crosslinks [1, 179, 180, 215]. In
vivo, tendons are always under some tension, and it is believed they operate somewhere in the
onset of strain stiffening region [216].
1.4.3 Theoretical models
Most models focus on the unwinding of fibre crimp rather than the nonlinear response of in-
dividual fibrils, all of which follow from collagen fibres in tissue effectively being the only
tension bearing elements [194, 217, 218]. The ideas follow from early work on solids rein-
forced by inextensible rods [219], and has since been modified by many others to account for
extensibility and waviness [220]. A more recent model which relates measurable quantities to
nonlinear strain stiffening is proposed by Cacho et al., in which the distribution of collagen
fibre crimp is used to determine when the toe region occurs and what happens afterwards [194].
The tissue in question can be defined by a statistical distribution of fibre waviness, which is
expected to follow a Beta distribution defined by two parameters (see ref [221] for a handbook
on the Beta function). This distribution has indeed been observed and measured experimentally
in the adventitia of rabbit common carotid arteries using computer analysis of 3D laser scanning
fluorescence confocal microscopy [222]. As the tissue is stretched, fibres will straighten and
eventually contribute to tension by stretching. A simple case is where all fibres are aligned to
the stretch axis, where the combined tissue energy for uniaxial strain λ is given by a convolution
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across different regions in the composite material:
Ftissue = Fmatrix(λ )+
∫ λ
0
Ffibre(λ¯ − l)pml (µ,γ; λ¯ )dλ¯ . (1.17)
The Fmatrix(λ ) term describes the continuum elasticity of the underlying matrix, this will in-
clude parts of the ECM that contribute linearly for all uniaxial strain, λ , such as the elastin fibre
network and GAG hydrogel. The integral defines the contribution of collagen fibres, where
ψfibre(λ¯ − l) is the energy contribution of a single fibre at strain λ¯ . l defines the strain at which
fibres will first be straight and contributing to strain energy. The pml (µ,γ; λ¯ ) term, is the prob-
ability distribution which defines how many fibres will contribute to the strain energy at λ¯ ,
it is parameterised by the constants µ and γ , which can be determined from experiment. The
indices l and m define the lower and upper limits at which fibres may contribute to the strain,
respectively, and ensures the integral is zero outside these limits. In essence, the probability
distribution defines the recruitment of fibres. If the strain goes beyond a critical stretch, fibres
will begin to fail and the elasticity will no longer be reversible. Depending on the crimp dis-
tribution, more complicated situations may occur in which fibres begin to break before other
fibres have been recruited. Many more advanced models based on these schemes exist, where
fibre orientation and bending may be considered, see refs [194, 223] for detail.
1.4.4 Comments on viscoelasticity
Work which has received some interest in fascia research communities is a paper by Yahia et
al., which found a pronounced stiffening of human lumbodorsal fascia following successive step
strains with a rest period [224] (see Fig. 1.18). In addition, it was noted that there was recovery
following relaxation. However, this has, to my knowledge, not convincingly been repeated or
noted in a great many similar experiments. Only one work by Schliep et al. has tried to directly
Fig. 1.18 shows force relaxation curves of human lumbodorsal fascia immersed in DMEM at
6% strain. With a resting period at 0% strain of 30 minutes between stretch 1 and 2, and 1 hour
between stretch 2 and 3. Taken from Ref [224].
repeat this and claims to see the effect [225], but their results are far from convincing and if it
is there it is a very small effect when compared to that seen by Yahia (see Fig. 1.19).
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Fig. 1.19 shows force relaxation curves of mouse lumbodorsal fascia at 4% strain, with a 30
minute rest at 0% strain between the first and second stretch. Taken from Ref [225].
An effect of stress recovery has been observed in three dimensional fibroblast populated
collagen gels [226], which are used as common models for wound healing, fibroblast differ-
entiation, and tissue engineering [227–230]. The effect of stress recover seen in collagen gels
was due to cytoskeletal fluidisation which occurred during stretch followed by its subsequent
recovery [226]. However, these reconstructed collagen gels are relatively weak compared to
connective tissue meaning the contribution of cells can be significantly greater. In a similar
experiment conducted on fascia, in which the same cell fluidisation in response to stretch was
observed, there was no recovery observable recovery of stress and relaxation continued through-
out the experiment [231].
Provenzano et al. performed step strain experiments on rat medial collateral ligaments
(MCLs), where it was found relaxation could be fitted with a power law [232]. They addition-
ally found that the power exponent increased, i.e., became closer to zero for increasing strain.
This is similar to the effect seen in cells, where prestress resulted in a more elastic power-law
response. This has since been observed in other work [233–235]. Many investigations into vis-
coelastic relaxation of tissue use multiexponential decays [236, 237], rather than power laws,
but do not plot data on a log log curve, as such power laws and exponential relaxation look
similar on linear axes. However, it should be noted that an exponential decay will look like
a power law if the experimental time range is not wide enough, and also if many exponential
decays are used.
Many reports try to model the viscoelasticity of soft connective tissue using quasilinear
viscoelasticity, [238–241], where quasilinear viscoelasticity assumes that the time dependent
part and non linear elastic part of a system are separable (i.e., the rate of relaxation does not
depend on strain) [242]. However, for the majority of soft connective tissue, numerous reports
specifically set out to demonstrate that this is not the case and the time dependent qualities are
dependent on strain [232, 234, 235].
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1.5 Thesis aims
The original goal of this PhD was to investigate the possibility of active contractility in connec-
tive tissue. This effect was first seen by Yahia et al. in 1993 [224], and there has been much
speculation as to the origins of the behaviour ever since [196, 225, 243, 244]. However, as
far as I know, the results have never convincingly been repeated; either in the literature or in
experiments carried out in the course of the PhD. One of the possible mechanisms for which
such dramatic changes in force could have occurred is changes in solvent content, where there
is little work done on the effects of osmotic pressure on tissue modulus [225]. As connective
tissue can be considered as fibre reinforced hydrogels [245, 246], a model system of neutral hy-
drogels was used to investigate the coupling of deformation and solvent content. In particular,
stress relaxation coupled to solvent relaxation. Chapter 3 covers the work on hydrogels, which
begins with a thermodynamic theoretical investigation followed by experiments on hydrogels
immersed in solvents and various non-solvents.
Chapter 2 covers the setup designed and built to complete the tensile experiments performed
in this thesis. This setup can perform uniaxial tensile experiments on a sample immersed in a
precisely temperature controlled fluid. A particular challenge was to measure the change in
volume of hydrogels in response to strain. This was achieved by taking high quality images of
samples before, during, and after deformation and using the an imaging technique called digital
image correlation (DIC) to extract strains. DIC is a powerful technique that not only gives
average strains with time but also creates strain maps allowing for inhomogeneous deformation
to be detected. The setup was tested using a series of novel as well as well understood materials,
namely, carbon nanotube elastomers, liquid crystal elastomers, and polydimethylsiloxane. The
results here offer interesting insight into the power and utility of DIC, as well as demonstrating
some never before measured properties of the materials, which are discussed towards the end
of chapter 2.
Although connective (and cells) are viscoelastic, there is little work looking at their dissipa-
tive properties. In Chapter 4, the concept of critical damping in tissues is explored by looking
at free oscillatory motion for several viscoelastic systems. This leads into the idea that tissue
can tune their viscoelastic properties, and thus to whether a system is critically damped, with
prestrain, much like cells and semiflexible networks seen section 1.1.3. Initially, the solution
for a viscoelastic oscillator is found in Laplace space, and is then solved analytically for the
Maxwell model, the fractional Maxwell model (which is similar to a power-law), and the Zener
model. The conditions for critical damping are then examined. At the end of this chapter the
concept of relaxation time is explored, which gives a method of relating stress relaxation data
with critical damping using a single parameter, rather than the many parameters involved in a fit.
Additionally, there is a discussion on how viscoelastic relaxations of stretched exponential and
asymptotic power-law are functionally equivalent to the Mittag-Leffler function in the ranges
of cell or tissue viscoelastic behaviour. This allows for any of these functions to be chosen to
suit ones purpose, where the Mittag-Leffler function offers the best solution in more complex
analytical situations due to its simple Laplace transform.
In Chapter 5, to see how the relaxation constant changes with strain in connective tissue,
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experiments were carried on equine tendon and rat lumbodorsal fascia. These were chosen due
to their fundamentally different structure, where tendon has highly aligned collagen, whereas
fascia has a looser weave and is more compliant. The first part of Chapter 5 discusses multi-step
relaxation protocols which can used to glean different aspects of the viscoelastic behaviour of
a material at various strains. The second part looks at the results of performing these protocols
on tendon and fascia.

Chapter 2
Experimental setup and techniques
Chapter 2 covers all the experimental equipment that was designed and built to complete the
experiments. The experiments are variations on tensile measurements, where the aim is to
look at the time dependent (viscoelastic) properties of a material, predominately through step
relaxation experiments. Because of the particulars of the materials tested, a custom setup needed
to be built. For testing hydrogels and tissues, it is necessary to stretch a material in a temperature
controlled fluid; e.g., water, oil, or a physiological solution. Furthermore, for experiments on
hydrogels and other elastomers, investigations into swelling and volume change required precise
measurements of strain parallel and perpendicular to stretch. This was achieved by taking stable
high quality (i.e., low geometric distortion, high resolution) images of a sample taken before,
during, and following deformation. Strains were extracted from images using a technique called
digital image correlation (DIC), the technical aspects of which will be elaborated on in this
chapter. The setup, and use of digital image correlation for soft materials, was tested with
experiments on liquid crystal elastomers and carbon nanotube elastomers, which are discussed
towards the end of this chapter.
2.1 Experimental setup
The purpose of the experimental setup is to impose a uniaxial strain upon a material and mea-
sure the resultant force through time. The setup was designed to be modular, such that any
component can easily be switched out for a different module, upgraded, or repaired. This al-
lows future users to add their own modules which are tailored to their experimental needs, for
example, a heat chamber could be used in place of the environmental chamber to conduct ex-
periments on materials through a larger range of temperatures. Figure 2.1 shows a schematics
of the setup and the individual parts, which are discussed in the following sections. The setup
was designed in Autodesk Inventor and the modules where machined and built in the student’s
workshop.
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Fig. 2.1 shows a schematics of the individual parts of the setup and how they are connected.
2.1.1 Motorised stage
The motorised stage was built by attaching a powerful stepper motor to a single axis Thorlabs
50mm translations stage. The motor is coupled to the drive screw through a 2:1 drive ratio,
allowing for a rapid translation speed (up to 30 mm/s). Additional non purchasable parts were
machined from an aluminium alloy to keep it strong but lightweight, and the drive screw at-
tachment was machined from brass for rigidity. The stage is attached to a rail mount, which
rides a vertical rail on the main setup to allow for easy positioning (see Fig. 2.2). The motorised
stage carries the force gauge, which the top clamp attaches to. The stepper motor is driven by
an Applied Motions research stepper driver, which in turn is controlled through a custom build
LabVIEW program (see Appendix A).
2.1.2 Force gauge
The force gauge can be switched out and is mounted on the motorised stage. There are three
force gauges available, and the one used depends on the force range being tested and the sensi-
tivity needed. All three are LCMSystems UF1 Low range isometric force sensors with ranges
of ±25g, ±110g, ±1.5Kg, where accuracy is greater than ±0.3% of the maximum load. The
force gauge works with a western bridge like configuration, with one resistor which changes
its resistance linearly in response to an applied force. The load cell has an excitation voltage
across two of the four contacts, the difference in voltage between the other two contacts is then
linearly proportional to the imposed force. The variable resistor in the load cell is constructed
from several thin steel wires aligned in parallel to the force being measured. When a force
is imposed, the wires stretch slightly, becoming thinner and altering the resistance in a linear
fashion. The load cell is excited and the output amplified with a LCMsystems SGA analogue
strain gauge amplifier, the output voltage (proportional to force) is then passed to a National
Instruments USB6010 data acquisition device, which is connected to the computer. The pro-
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Fig. 2.2 Rendered image of the experimental setup.
portionality between voltage and force is calibrated, and the data recorded, using a custom built
LabVIEW program (see Appendix A).
2.1.3 Environmental chamber
This provides a water proof chamber, with two walls acting as viewing windows made of trans-
parent Perspex and the other two walls as heat blocks made of aluminium which have heated
water pumped through them (see Fig. 2.3). The viewing windows allow the camera to observe
the sample, even when in solution. Simulations in Comsol taking into account convection of
water, show the chamber temperature stabilises quickly, see supplementary video 1. Heated
water flows from heat bath pump through plastic piping attached to the aluminium blocks. The
environmental chamber is mounted on an aluminium bar with a releasable neodymium magnet
in the base. The magnet is released when the clamp base is in position, holding it in place
through the Perspex base of the environmental chamber (the clamps will only detach from the
base at forces well above the maximum rate force of the largest load cells).
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Fig. 2.3 Rendered image of the environmental chamber and clamps.
2.1.4 Clamps
The clamps were designed to allow a sample to be attached and held at set length, before being
inserted into the environmental chamber. This is particular useful for fragile samples such as
hydrogels. The clamps (shown in Fig. 2.3), are joined together with aluminium struts mounted
on the bottom clamp. Each strut has a channel and a screw goes through both and attaches to the
top clamp, when the screw is tight, the two clamps are held together at a set distance and allows
for easy mounting to the loadcell. Once, attached, the stage can then be lowered and the sample
is dropped into the environmental chamber. The neodymium magnet can then be released from
the environmental stage base, and this holds the bottom stage clamp firmly in place. The screw
holding the aluminium struts to the top clamp are then released, and the top clamp is now free
to move and stretch the sample as determined by the motorised stage (see supplementary video
2 for a crude computer rendering of the clamp release mechanism).
2.1.5 Thermometers
The temperature in the environmental chamber and air, are measured using 2 platinum RTD
resistance temperature probes, these offer much greater accuracy (of±0.01◦C) when compared
with more traditional thermocouples. The probes are connected to a PICO Technology USB
PT-104 RTD converter, which in turn is connected to the computer. Temperatures are logged
using a custom built LabVIEW program (see Appendix A).
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Fig. 2.4 shows a schematic of the sample loading mechanism. Here the sample has already
been placed in the clamps and the clamp separation is set by securing a screw through the struts
into the top clamp. Step 1: The clamped sample is lowered in to the fluid until the bottom
clamp touches the acrylic base. Step 2: The screw in the support base is undone, releasing a
neodymium magnet, the magnet is attract to the soft iron of the bottom clamp and holds it in
place. Step 3: the strut screw in the top clamp is released, the struts are then free to rotate away
from the top clamp and are left to rest on the front and back acrylic windows. The top clamp
is now free to be moved up and down by the motorised stage, and the bottom clamp is held
securely to the base by the magnet. Full technical drawings can be found in Appendix B.
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2.1.6 Camera
The camera is a Canon 550D SLR camera fitted with a Canon EF 100mm f2.8 macro lens. It
is mounted on a translation stage, which sits on a large rail, allowing the camera to be easily
moved closer to, or further away, from the sample. It is mounted such that the image sensor is
perpendicular to the sample’s surface (this is necessary for accurate digital image correlation).
The camera has a resolution of 18 megapixels, and can take photos continuously at a rate of
up to 2.7 fps, if it is so required. For faster imaging, it can take video footage at 25fps at
1080p or 50fps at 720p. 1080p and 720p refer to the video taking format of 1920*1080 pixels
and 1280*720 pixels, respectively; the ’p’ stands for progressive scanning, this differentiates
the footage from interlaced scanning (720i or 1080i), where odd and even horizontal lines are
displayed alternatively in each frame to lower bandwidth. These denotations are used in this
thesis, as they are the language used on consumer camera’s such as the one used here. It is
important to make sure that any footage taken for DIC is in the progressive scanning format.
The lens is a high quality pseudo telecentric macro lens with up to 1:1 object to image size ratio
and exhibits hardly any geometric distortion. A telecentric lens allows for the lens to be far away
from the object and still achieve a high magnification, where in this case 1:1 magnification is
achieved at 0.3m away. The camera is connected to the computer and is controlled by the
supplied software.
2.1.7 Imaging and digital image correlation (DIC)
Initially, there was a need to measure the change in Poisson ratio (a measure of volume change)
with time, which is determined through transverse and parallel strains to the imposed stretch. In
soft materials, a non-contact measurement of strain is preferable to contact methods such as clip
on or contact extensiometers, as they can lead to unreliable results; the weight of the device, as
well as the point of contact at clamping, may strongly influence any measurements made [247].
Consequently, I used the academic digital image correlation (DIC) software, MatchID, as a
contactless method for full field strain analysis (http://www.matchid.org). This offers a distinct
advantage compared to video extensiometry, which measures the strain between two marked
edges and therefore only measures the average strain. Digital image correlation, on the other
hand, divides a patterned material surface into identifiable subsections and tracks their dis-
placement relative to an initial image, taken before deformation occurs, to successively analyse
images post deformation. Local strains can then be calculated from displacement of these sub-
sections to a high degree of accuracy [248]. DIC only works, however, if there is a patterned
surface so each subsection can be uniquely identified.
DIC was first developed by researchers at the University of South Carolina in the early
1980s [249], but since then has seen many advances. For thorough discussion of the history
of digital image correlation, as well as its techniques, see ref [250]. With advancements in
computer and image technology, as well as reduced hardware cost, DIC is becoming more
accessible [251], and this technique has already been used to characterise a range of materials
including polymers [247, 252], foams [253], textiles [254], and biological materials, such as the
human ear drum [255] and mouse arteries [256].
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Almost all, if not all, digital image correlation techniques work by defining a region of
interest on an initial image of the sample. It is this region in which displacements will be
tracked and strains calculated. The region of interest is divided up into m×m subpixel subsets,
where m must be an odd integer. Subset displacement is defined from the position of the central
pixel of each subset in the initial image. The virtual mesh of subsets can be shifted several
times by n pixels, where n < m and is known as the step size. This defines many new subsets
and increases the number of displacements points. Displacements are then calculated via an
iterative mapping of the reference subset on to successive images. The quality of the fit is
determined by a correlation algorithm, several are which are commonly used, see ref [250] for
a comprehensive discussion.
It is important that each subset can be uniquely identified by pixel pattern it contains if DIC
is to be successful. Images used in DIC are typically grey scale and in the case 8-bit (used in
this work) pixel values can range form 0 to 255. If a material being tested does not naturally
have a contrasting textual pattern, and one that is due to colour, not due to topological features
causing shadowing, it is necessary to apply one. A pattern which is random, anisotropic, and of
high contrast provides the most accuracy. This has been found to be best provided by a speckle
pattern (see Fig. 2.5), which can be applied with spray paint, printed patterns, or even drawn on.
In a deformed image it is unlikely that a subset will be the same shape as it was in the
reference image. This is accounted for in the matching process, where the initial subset is com-
putationally deformed so that it matched to later images. For faster processing this deformation
can be taken to be affine. However, in deformation which is inhomogeneous it may be neces-
sary to evaluate the change in subset shape with more complicated shape to achieve the wanted
accuracy. The matching process is determined by the maximisation of a correlation algorithm,
which is commonly done using Newton-Raphson method, achieving sub pixel accuracy for the
displacement of subset(again see ref [250] for a comprehensive discussion). It may seem odd
that subpixel accuracy can be achieved, but this is possible due to the additional information of
matching a known pattern to the image [257]
The spatial resolution is determined from the distance between two independent measure-
ment points. For the displacement, this is given by the subset size and not the step size, as any
subsets shifted by some step size will be calculating displacements from at least two regions
which have already been assessed and are thus not independent measurements. The resolution
is calculated from a DIC analysis of two images taken before deformation, i.e., two images of
an identical scene, in which the displacements and strains should be zero. It is calculated from
the standard deviation of displacements, or strains, and indicates the minimum displacement, or
strain, for which a signal can be said to be detected over camera and environmental noise. The
mean is also listed and this is typically expected to be below the standard deviation. However,
in some cases discussed below, the displacement mean can be slightly above the standard devi-
ation. This can occur for soft samples which have small movements in response to vibrations
and air flow.
Strains are described by the Virtual strain gauge (VSG), which gives the average strain
components over a specific area, just as a physical strain gauge would. The size of this area
is determined by the strain window of N ×N displacement points. The spatial resolution of
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the VSG is the distance between each independent measurement of strain and is determined by
(SW −1)∗ST +SS, where SW is the strain window size, ST is the step size, and SS is the subset
size. Resolutions are calculated in the same manner as for displacement.
2.2 Testing the setup for DIC
The experimental setup was tested by using DIC to characterise the Poisson ratio through uni-
axial relaxation tests on a range of polymeric and composite materials. DIC’s ability to resolve
local strains spatial was tested by comparing two carbon nanotube elastomers, one with thor-
oughly dispersed carbon nanotubes (CNTS) and the other with poorly mixed CNTs. The ability
to resolve strains in time was tested on polydimethylsiloxane (PDMS), 3D polydomain liquid
crystal elastomers (3D-LCE), and cholesteric liquid crystal elastomers (CLCE).
Uniaxial strain was applied to two carbon nanotube elastomers of 2% weight CNTs to in-
vestigate the spatial resolution. The distribution of CNTs in the polymer matrix is determined
in preparation by the extent of mechanical mixing. Short mixing times give an inhomogeneous
composite with localised clusters of CNTs, whereas long times give a homogeneous composite
of evenly distributed CNTs [258]. With a high spatial resolution, the differences in the mix-
ing of carbon nanotubes should be detectable through the strain distribution in the stretched
elastomers.
The time response at the sub second scale was tested using two liquid crystal elastomers
(LCEs). LCEs are unique in that they combine rubber like elasticity with the symmetry break-
ing and optical properties of liquid crystals. Their irregular behaviour arises from the pres-
ence of anisotropic rigid units, either in the main polymer chain or as side chain units, known
as mesogens [259]. The ordering of the mesogenic units give rise to liquid crystalline like
phases. 3D-LCEs consist of micrometre-sized nematically ordered domains and are locally
anisotropic [260]. However, on the macroscopic scale, the directors of all domains cancel,
on average, and the material possesses no macroscopic anisotropy. In CLCEs, mesogens are
aligned in offset nematic planes forming a repeating helical structure. Under strain, the material
behaves anisotropically as a result of the preferential realignment of directors to stretch [261].
In general, the realignment of mesogens will give a soft elastic response at long times (low
frequencies), but at short times (high frequencies) an order of two magnitude increase in the
shear modulus has been reported [260]. The large changes in shear modulus over measurable
time scales, as well as their potential anisotropic behaviour, make them valuable subjects for
measuring the time dependent Poisson ratio.
To characterise volume change, the Poisson ratio, ν , was used, defined here via a ratio of
Henky strain components [262]:
ν =− ln(λ⊥)
ln(λ‖)
, (2.1)
where the Henky strain is ln(λi) = ln(1+ εi), with λi = 1+ εi the stretch ratio (the deformed
length over the initial length) and εi the engineering strain in the ith direction, respectively.
The Poisson ratio in this form is known as the ‘true Poisson ratio’, which, for a homogeneous
material of constant volume, remains at 0.5 throughout deformation. This differs from the
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Poisson ratio often expressed via infinitesimal strain theory (i.e., ν = −ε⊥/ε‖), which will
deviate from 0.5 as strain increases [247]. Of course, both expressions agree within the small
deformation limit, where ln(λ )≈ ε . For an isotropic incompressible material, using the Hencky
strain, λ‖λ 2⊥= 1 and therefore ν =− ln(λ⊥)/ ln(λ‖)=− ln(λ−0.5‖ )/ ln(λ‖)= 0.5., where λ‖ and
ln(λ⊥) are the parallel and transverse stretch ratios, respectively (see Fig. 2.5).
Fig. 2.5 (a) shows the sample before stretch of unit dimensions of 1, a speckle pattern is applied
with paint. (b) shows the sample after λ‖ stretch ratio applied, with λ⊥ strain ratio response in
the free direction. The speckle pattern deforms with the material surface.
2.2.1 Materials
Polydimethylsiloxane (PDMS): A Dow Corning Sylgard 184 PDMS elastomer kit was used as
received. The curing agent and prepolymer were thoroughly mixed at a 1:10 weight ratio and
degassed for an hour. The mixture was then sealed in an acrylic mold and left in a heat oven for
6 hours at 60 degrees to set. Upon setting, 5 samples of dimensions 22 mm × 12 mm ×1.5 mm
were removed from the mould.
Carbon nanotube elastomers: With the use of specially designed surfactant molecules [263]
in order to ensure full solubility, it was possible to homogeneously disperse multi-walled carbon
nanotubes (CNTs) in PDMS matrix, and then crosslink it to fix their configuration. Although a
growing number of applications use CNT/PDMS composites, the issues associated with CNT
dispersion persist and in many cases the nanotubes remain in small bundles and clusters. The
use of special surfactants requires a much smaller quantity of solvent during the solution pro-
cessing: for example, pure PDMS melt (Dow Corning Sylgard 184) could be directly dissolved
into the sonicated surfactant/CNT-PET solution at a 1:4 PDMS to PET to produce a homoge-
neous composite with single-nanotube level of dispersion after 5 hours of shear mixing. For
comparison, deliberately poorly dispersed CNT/PDMS composite, which was only mechani-
cally mixed for 10 minutes was used.
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Polydomain liquid crystal elastomer: Details of the synthesis of the siloxane-based nematic
liquid crystalline elastomers can be found in [264]. The aim was to obtain a true polydomain
state of the nematic phase, which can only be generated when the crosslinking is fully random
with no internal stresses, and entanglements are frozen into the resulting network. In order
to achieve such a configuration, a toluene solvent was used and completed the crosslinking
reaction in the highly swollen isotropic phase of the polymer. After the reaction, the samples
were slowly deswollen so that the dry elastomer network would not end up overentangled. This
forms a perfectly isotropic elastic material which (unusually) has an extremely high mechanical
loss factor [265] and an extremely long time stress relaxation [266].
Cholesteric liquid crystal elastomer: Synthesis was carried out following the general method
introduced by Kim and Finkelmann [267] by substituting 25% of the mesogenic side-groups
with a chiral derivative of cholesterol pentenoate. Siloxane backbone chains were reacted under
centrifugation with the mesogenic side-groups and the crosslinker for 45 minutes to form a
partially cross-linked gel. The reactor was then opened and the crosslinking reaction proceeded
for the further 4 hours, during which time the solvent evaporated, leading to an anisotropic
deswelling of the gel. All of the volume change in this setup occurs by reducing the thickness
of the gel, while keeping the lateral dimensions fixed due to centrifugation. This introduces a
very strong effective biaxial extension in the plane. Upon crosslinking, the director is forced
to remain in the plane of stretching and results in the uniform cholesteric texture. This gives a
transversely-isotropic elastic material [261].
2.2.2 Experimental protocols
All materials were subjected to a step strain of approximately 10% strain applied at 7 mm/s. All
images were 8-bit. The camera was carefully aligned to be in plane with the sample.
For the PDMS, 3D-LCE and CLCE elastomers, video footage was taken during stretch at 25
fps at 1080p for 10 minutes. In the CNT experiments, digital images were taken every minute
after stretch at a resolution of 5184×3456 pixels (18MP).
The speckle patterns were applied to the PDMS, 3D-LCE, CLCE and PAAm elastomers
with matt spray paint (Fig. 2.5). In the case of the CNT elastomers, an air brush was used with
white matt paint to give the finer speckle pattern that was needed to fully resolve the inhomo-
geneity. As the setup used 2D digital image correlation, no camera calibration is required, 3D
digital image correlation allows for three dimensional displacements to be measured, as oppose
to the two dimensions in this setup; however, 3D DIC requires two cameras as well as careful
calibration, or pre-built systems can be purchased but they are currently expensive.
Table 2.1 shows the setup and DIC parameters for each experiment. The camera distance
was chosen to maximise the size of the sample in the field of view whilst accommodating the
speckle size pattern. The conversion of pixels to mm was done through measuring the number
of pixels in a known length (the clamps were machined to 15mm). The field of view indicates
the full size of the image taken, this is a conversion from 5184×3456pixels2 for full photos and
1920×1080pixels2 for images extracted from video.
2.2 Testing the setup for DIC 53
Ta
bl
e
2.
1
M
ea
su
re
m
en
ti
nf
or
m
at
io
n
fo
rt
he
D
IC
te
st
s
ca
rr
ie
d
ou
ti
n
th
is
se
ct
io
n.
T
he
C
am
er
a
us
ed
w
as
an
8-
bi
tC
an
on
55
0
D
SL
R
ca
m
er
a.
U
ni
ts
PD
M
S
C
N
T-
H
C
N
T-
IH
3D
L
C
E
C
L
C
E
su
bs
et
[p
ix
el
s]
19
50
25
32
32
st
ep
[p
ix
el
s]
3
5
5
5
5
fie
ld
of
vi
ew
[m
m
×m
m
]
51
×2
9
42
×2
8
42
×2
8
59
×3
3
50
×2
8
M
ea
su
re
m
en
tp
oi
nt
s
[p
oi
nt
s]
25
00
0
56
00
0
13
80
00
31
00
65
00
Te
m
po
ra
lr
es
ol
ut
io
n
[f
ps
]
25
1/
60
1/
60
25
25
C
am
er
a
di
st
an
ce
[c
m
]
45
40
40
50
45
D
is
pl
ac
em
en
t
sp
at
ia
lr
es
ol
ut
io
n
[µ
m
],
[p
ix
el
s]
51
4,
19
39
0,
50
20
1,
25
99
9,
32
83
6,
32
re
so
lu
tio
n
[µ
m
],
[p
ix
el
s]
0.
75
,0
.0
28
0.
35
,0
.0
45
0.
24
,0
.0
30
0.
21
,0
.0
07
0.
98
,0
.0
4
m
ea
n
[µ
m
],
[p
ix
el
s]
0.
02
,0
.0
00
8
0.
2,
0.
03
3.
9,
0.
48
0.
10
,0
.0
03
0.
08
,0
.0
03
V
SG
Sp
at
ia
lr
es
ol
ut
io
n
[µ
m
],
[p
ix
el
s]
28
70
,1
06
11
45
,1
45
96
0,
12
1
31
55
,1
02
26
66
,1
02
re
so
lu
tio
n
[µ
st
ra
in
]
20
0
12
0
14
0
12
5
38
0
m
ea
n
[µ
st
ra
in
]
10
22
30
4
50
54 Experimental setup and techniques
2.2.3 Resolving local deformation
In this section, we examine the effectiveness of digital image correlation in resolving local
inhomogeneities by comparing two carbon nanotube elastomers of identical composition but
with different CNT distributions. The first elastomer was mechanically mixed for 10 minutes
during preparation and has an inhomogeneous distribution of CNTs. The second was mixed for
5 hours to give a homogeneous distribution.
Fig. 2.6 (a) Exx strain, (b) Eyy strain, and (c) Poisson ratio maps of an inhomogeneous 2% wt
carbon nanotube elastomer. The error bars embedded in each colour scale give the mean value
as well as the corresponding standard deviation. The scale bar is 5mm.
In Fig. 2.6 we show maps of the transverse strain (Exx), parallel strain (Eyy), and Poisson
ratio (ν) of the inhomogeneous CNT elastomers 10 minutes after application of strain. Exx and
Eyy are the Henky strains given by ln(λx) and ln(λy). The DIC analysis parameters are shown
in Table. 2.1. In Fig. 2.6(a) and Fig. 2.6(b), which show the Exx and Eyy strain maps, regions of
localised deformation are clearly visible. A comparison of the maps reveals a good agreement:
where there is small deformation in the transverse direction (red regions), there is a correspond-
ingly concentrations of CNTs as they increase the shear modulus [258]. Conversely, regions
of large deformation (blue in Fig. 2.6(a) and red in Fig. 2.6(b)) are assumed to correspond to
low concentrations of carbon nanotubes, where deformation is large. As expected for an inho-
mogeneous material, the spread of strains is large, with standard deviations of ±20 % and ±19
% for the Exx and Eyy strains, respectively. A map of the Poisson ratio is shown in Fig. 2.6(c),
and although there are still large variations (standard deviation of ±7 %), they are smaller than
those seen in the strain maps. The narrower spread confirms the agreement of the Exx and Eyy
strain distributions and we find the average Poisson ratio to be 0.48, close to a pure polymer
value of 0.50.
Although CNTs themselves are compressible with a Poisson ratio reported to be 0.29 [268],
their shear modulus is of orders of magnitudes larger than the encapsulating polymer ma-
trix [269]. At the low concentrations of CNTs tested, the bulk of the transverse contraction
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will be determined by the polymer response rather than that of the CNTs and a Poisson ratio
of ∼ 0.50 is to be expected. It should be noted that although the Poisson deviates from 0.50
locally, it does not mean there was compressible deformation, only that the deformation was
anisotropic and that out of plane strain is not equivalent to the Exx strain (an assumption in the
Poisson ratio calculation). Interestingly, these deviations average out when the mean is taken
over the whole sample and incompressibility is almost entirely recovered.
Fig. 2.7 (a) Exx strain (b) Eyy strain and (c) Poisson ratio maps of the homogeneous 2% wt
carbon nanotube elastomer. The scales are equivalent to those in Fig. 2.6, and the scale bar
is 5mm. The error bars embedded in each colour scale gives the mean value as well as its
corresponding standard deviation.
In Fig. 2.7 maps of the Exx strain, Eyy strain, and Poisson ratio of the homogeneous CNT
elastomer 10 minutes after strain was applied are shown. The colour scales are identical to
Fig. 2.6. In contrast to the inhomogeneous CNT elastomer, the maps show little variation, and
the standard deviations of the Exx strain, Eyy strain, and Poisson ratio are ±2.0 %, ±2.1 %, and
±0.6 %, respectively. The mean value of the Poisson ratio is 0.495, close to the incompress-
ible value of pure polymer. With the DIC technique, the differences in homogeneity between
the short time and long time mixed CNT elastomers, as well as the distribution of CNTs in
the elastomer, are easily detectable. Although there are differences in the average Poisson ra-
tio, the values are in a good agreement considering the large spread of values observed in the
inhomogeneous CNT elastomer.
Fig. 2.8 (a) Exx strain (b) Eyy strain and (c) Poisson ratio maps of homogeneous 2% wt carbon
nanotube elastomer. The error bars embedded in each colour scale give the mean value as well
as the corresponding standard deviation. The scale bar is 5mm.
The plots in Fig. 2.8 are the same as Fig. 2.7, but the scale limits are set between the minima
and maxima of each map. On this scale, both strains appear to vary from a region of high
deformation (in the top left) to a region of low deformation (in the bottom right). The smaller
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local fluctuations originate from camera noise as their variation is comparable to resolution
listed in table. 2.1, this is not the case for the inhomogeneous CNT where local variations are at
orders of magnitude larger than the resolution.
The origin of the large scale strain distribution is likely the result of three competing effects.
(1) A genuine varying of the carbon nanotube distribution; however, this is unlikely to be so
significant. (2) Misalignment of the sample, resulting in an applied strain that is not truly
uniaxial; this is almost certainly occurring to some extent. (3) There is the possibility of offset
or artificial strains as result of camera misalignment or out of plane motion. Out of plane motion
typically refers to errors arising from deformation perpendicular to the image plane, resulting
in an apparent change in size. These errors are minimised by an appropriate choice of lens and
by placing the camera as far away from the sample as possible [250], as artificial strain errors
go as ∆Z/Z, where Z is the camera distance and ∆Z is the change in distance upon stretch.
In this experimental setup and over the large strains applied, uniform out of plane motion will
have a minimal effect on strains. Nevertheless, soft materials present an additional problem
in this respect as it is difficult to ensure the material deforms uniformly in the free directions,
e.g., straightening of the material during stretch or curling at the edges, which may not be
immediately obvious during experiment. Although the sample was not observably curved, there
will undoubtedly be some level of nonuniform out of plane motion, which may affect results as
sensitive as the Poisson ratio.
In this case, the strain distribution is unlikely to be result of out of plane motion or curvature,
due to the agreement of Exx and Eyy strains. If the out of plane motion does play a role, there
would be a contrast between strains, e.g., curvature at the free edge would result in little change
to Exx but decrease Eyy [270]. As the strains are of physical origin, it is likely that the distribution
is a result of sample misalignment resulting in non-uniform strain. It is important to note that
all deformations will appear inhomogeneous on some scale, as errors will always manifest,
it is only in comparison between samples that deformations can be termed homogeneous or
inhomogeneous.
In Fig. 2.9 relaxation plots of the normalised force and Poisson ratio are shown. The nor-
malised force is taken as the current force value, F(t), divided by the maximum post stretch
value, Fmax. Both elastomers exhibit a long time viscoelastic force relaxation, due to a slow
reconfiguration of the rigid CNT filler in the elastic matrix, with an equilibrium not having been
reached in the experimental time span. In contrast, the Poisson ratio has no observable time
dependence over the probed time scale. Here we plot the average Poisson ratio over the whole
field of view of the film away from the clamps (see Discussion for details). The error bars indi-
cate the Poisson ratio standard deviation over the analysed region and highlight the significant
differences in homogeneity.
2.2.4 Stress relaxation and (in)compressibility
This section presents the results using DIC to probe the time dependence of strain and, ul-
timately, the Poisson ratio. The time dependence of the Poisson ratio of an isotropic elastic
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(a)
(b)
Fig. 2.9 Normalised force and Poisson ratio relaxation of (a) a homogeneous and (b) an inhomo-
geneous carbon nanotube elastomer. Error bars show the standard deviation over the analysed
region.
material arises from its relation to the shear and bulk modulus:
ν =
3K−2G
2(3K+G)
, (2.2)
where K and G are the bulk modulus and shear modulus, respectively. In rubbers, the equilib-
rium bulk modulus is typically of the order 1-10 GPa whereas the shear modulus is ∼ 0.1− 1
MPa [259]. At small G/K Eq. 2.2 can be expanded to give ν = 1/2−G/3K+ ...; consequently,
the Poisson ratio in rubbers is very close to 0.50. Near the glass transition temperature, and/or
at short time scales, the polymer can undergo a strain induced phase transition and enter the
glassy regime; it should be noted that this transition is not discontinuous [271]. In the glassy
state, the shear modulus can increase by a factor of more than 1000 and becomes comparable
to the bulk modulus [272]. Accordingly, the initial Poisson ratio will be at some glassy value of
less than 0.50. Grassia et al. use a theoretical model to analyse results found in the literature,
showing initial values of 0.35, 0.40, and 0.43 for polystyrene, polycarbonate, and a polycyanate,
respectively, all of which relax to an equilibrium Poisson ratio of ∼ 0.50 as the polymers revert
58 Experimental setup and techniques
to the rubbery regime [273]. The longest time scales of decay will be at the glass transition
temperature, with decay times decreasing as temperature increases.
If time dependence is to be observed in a uniaxial step strain experiment, it is important
that the applied strain occurs over a much shorter time scale than the shear modulus relaxation
occurs. Furthermore, if the testing temperature is far from glass transition temperature, strain
induced glass transition may not be observable; the observable time scale being limited by the
camera frame rate and the equipment strain rate.
Figure 2.10 shows relaxation plots of normalised the force and Poisson ratio for three elas-
tomers: PDMS, 3D-LCE, and CLCE. PDMS was used as a control material as it is regularly
used and its mechanical properties are well documented [274]. The Poisson ratio is reported
to be 0.50 [275], but there are few, if any at all, reports of the time dependent Poisson ratio.
As seen in Fig. 2.10(a), the PDMS sample exhibits a small force relaxation and approaches an
equilibrium value of roughly 90% the initial value. Over the probed time scales the Poisson ra-
tio does not vary, deforming almost incompressibly with a value of 0.498. Three repeats found
values of 0.503, 0.500, and 0.499. With the current experimental setup it is unlikely any time
dependence would be observed as PDMS has one of lowest glass transition temperatures of all
elastomers, at Tg =−125◦C [276]. As the Poisson ratio here is a constant, it can be inferred that
the normalised force relaxation is identical to the normalised stress relaxation since the cross-
sectional area stays constant. It follows that due to the incompressibility, the stress relaxation
is solely the result of the shear modulus’ time dependence. Force relaxation and thus the shear
modulus relaxation is roughly 10%, whereas relaxation would have to be much greater if it was
to account for Poisson ratio relaxation.
Figure 2.10(b) shows the normalised force and Poisson ratio relaxation of a 3D-LCE. The
force relaxation is substantial, converging to 0.8% the initial force value (not shown). Subse-
quently, the Poisson ratio also shows notable change, increasing from 0.42 and converging to
0.50, the expected equilibrium value [259]. The force relaxation in the CLCE (Fig. 2.10(c), is
similar but settles to a slightly higher final value of 12% (not shown). Its Poisson ratio, starting
at a value of 0.44, approaches a value of 0.60. This highly unusual value above 0.5 suggests
contraction of the CLCE volume, but it is in fact due to the innate anisotropy of the CLCE,
which causes a greater contraction ratio in Exx and a smaller contraction ratio out of plane, Ezz.
The convergent value is close to 0.62 measured by Hirato (2008) [277] but less than the theo-
retically predicted value of 0.70. [259]. Cicuta et al. (2002) observed a value 0.72. However,
in both experiments the Poisson ratio was not directly measured, rather it was interpreted from
changes in the peak transmission wavelength of light passing through the elastomer. This rea-
soning is supported by Schmidtke et al., who demonstrated that under biaxial strain changes
in peak transmission wavelength are linearly proportional to changes in elastomer thickness,
where the physical change in thickness was calculated from changes in light absorption of a
dispersed dye [278]. In future work on CLCEs, it would be useful to couple DIC measurements
of in plane strains to out of plane measurements calculated from transmission wavelength shifts.
In Fig. 2.11 we plot the bulk and shear modulus of the 3D-LCE as a function of time, where
the relations G = Y/2(1+ν) and K = Y/3(1−2ν) were used. Y is the Young’s modulus and
was calculated from the experimentally measured stress and the engineering strain, ε = λ‖−1,
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Fig. 2.10 Normalised force and Poisson ratio relaxation after 10% step strain for (a) poly-
dimethylsiloxane, (b) polydomain liquid crystal elastomer, and (c) cholesteric liquid crystal
elastomer
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Fig. 2.11 Plots of the shear and bulk modulus relaxation for 3D-LCE.
at time t. The stress was found from the force, F(t), extracted from a spline fit to the force
data, the initial area and λ⊥(t), such that σ(t) = F(t)/(A0λ⊥(t)2). Figure 2.11 reveals that the
shear modulus relaxation, and consequently a dynamic glass-rubber phase transition, can not
possibly account for all the Poisson ratio relaxation. The shear modulus relaxes by a factor of
just 20, and by comparison to Fig. 2.10(b), it is evident that the Poisson ratio is still increasing
as the shear modulus begins to stabilise. The only alternative is to assume that the volume of
the elastomer genuinely changes after an instant deformation, so that nano-voids open up in the
network - and their gradual closure is what we observe during the ν(t) relaxation. This results
in an effective lowering of K(t). There is some transition from the glass regime, which explains
the bulk modulus (and shear modulus) relaxation at early times, but after 100 seconds the effect
of nano-voids closing begins to take precedence and we see a rapid increase in K(t) eventually
moving toward the GPa values of a typical rubber. Unfortunately, due to the error dependence
on 1/(1− 2ν), as the 3D-LCE moves closer to 0.50, the errors increase substantially and it is
impossible to credibly determine the value of the bulk modulus with high accuracy. The errors
for the shear modulus are too small to be seen in the scale used but decrease as 1/(1+ν).
2.2.5 Discussion
Using DIC on soft materials is a powerful technique but as with any experimental technique,
certain conditions must be met in order to achieve accurate results. With soft materials, there can
be difficulty ensuring they deform strictly in plane and that they are flat before stretch. Problems
can arise with the material deforming under its own weight, or defects in the manufacturing
process can result in a preferentially curved surface. This can be a major problem in 2D digital
image correlation but can be resolved by using 3D digital image correlation, which uses two
cameras to allow computation of strains in the out of plane direction. Of particular importance
when conducting DIC is the choice of subset size and strain window size, which determine the
spatial resolution of displacement and strain fields, respectively. The subset size determines
the number of pixels in each localised region in the undeformed image to be mapped to the
deformed image. If this subset is too small, the correlation between images may not be good
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enough to give reliable results, and if it is too big, it may mask inhomogeneous deformation
as well as increasing computation time. For homogeneous tests, it is better to consider a larger
subset which will substantially increase the resolution of displacement results (as is the case
for strain fields). For heterogeneity, of course, and high spatial frequencies, the smallest subset
possible should be chosen in order to capture this. The subset and strain windows actually
act as low-pass filters in the displacement and strain field regimes, filtering out high spatial
frequencies which typically arise from noise. In conclusion, the choice of parameters depends
on the aim of the measurement.
Strains in DIC typically undergo some level of smoothing to increase their accuracy. In this
analysis smoothing is implemented through a spline fit over displacement points inside strain
windows, strains are subsequently calculated through the gradient. A large strain window can
increase the accuracy of the calculated strains but it may also mask inhomogeneities [248].
This is demonstrated in Fig. 2.12, with plot a, b, and c showing Poisson ratio maps of PDMS
calculated from strain windows of 15, 30, and 60 displacement points respectively. The DIC
parameters are shown in table 2.1, where the resolutions are listed from 30 displacement points.
With increasing subset size the plots become smoother and appear more homogeneous. This is
particular noticeable around the clamp effects. This is due to the spatial resolution decreasing
from 1.6 mm, to 2.9 mm to 5.3 mm and the SVG resolution increasing from 601µstrain to
200µstrain to 61µstrain, where µstrain is 10−6 measure of the Henky strain. The average
Poisson ratio, calculated over the homogeneous region denoted by dashed box, is equal to 0.498
for all strain windows used. However, for larger strain windows, this begins to decrease as the
windows encroach on the clamped region. Strain window size is not important when calculated
average values for a system, which is the typically reported quantity for Poisson ratio, but will
affect the smoothness of strain maps. For samples which are typically homogeneous it is advised
that larger strain windows are used to increase local accuracy. In the case of inhomogeneous
samples, smaller strain windows are recommended so as to not mask information [248]. For
average values, the strain window size is not as important.
The average Poisson ratio for a material is taken over a user selected region of interest
(ROI). For homogeneous materials this region must be selected over the area that deformed
homogeneously, e.g., away from the clamps. Depending on where the ROI is placed, there can
be small changes in the Poisson ratio, so it is important to take the average over a uniformly
deformed area as large as possible if the material response is to be truly represented. For in-
homogeneous materials, the ROI will have a more dramatic influence on Poisson ratio, and it
becomes essential to have as large a ROI as possible, preferably covering the whole material
surface.
Research cameras can be expensive and with their relative inexpensiveness and improved
quality, DSLR cameras are becoming a viable alternative. Most DSLRs have mechanical shut-
ters and for long time experiments this may be a problem as it can cause the camera to move
slightly over time, creating artificial time dependent strains. It is important to place the camera
in a secure (preferable full body supporting) mount and allowing the camera to fire a few hun-
dred times to settle (which can be automated). Images taken on a rigid body can then be used
to test for movement. For video footage there is no mechanical action and there is no issue.
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(a) (b) (c)
Fig. 2.12 Poisson ratio maps of PDMS calculated from a strain windows size of (a) 15, (b) 30,
and (c) 60 displacement points. The dashed black rectangle indicates the region of interest in
which an average is taken to give the Poisson ratio of PDMS. The scale bar represents 5mm.
The use of DSLRs is not advised for small strains ( 10 µstrains) as their performance is not yet
on par with research cameras. However, as can be seen from the resolutions in table 2.1, their
performance is adequate for the large strains typically applied to elastomeric materials.
In summary, DIC can used on soft materials in a large range of temporal and spatial res-
olutions. This was demonstrated with uniaxial strain and relaxation experiments on PDMS,
homogeneous and inhomogeneous CNT, 3D-LCE, and CLCE. PDMS was used as a control
and the results were found to agree precisely with those found in the literature. The differences
between inhomogeneous and homogeneous CNT elastomers were easily observable, and their
average Poisson ratios were shown to be dominated by the polymer response, leading to an al-
most incompressible deformation. Liquid crystal elastomers were demonstrated to have a time
dependent Poisson ratio, with the 3D-LCE converging to an incompressible value of 0.5 and the
anisotropic CLCE converging to 0.60.
In the case of the Poisson ratio relaxation in the 3D-LCE, it was found that key driver in
volume change was large changes in the bulk modulus, rather than large changes in the shear
modulus, which is what happens in a regular elastomer. A possible explanation for this genuine
change in volume could be the opening, and subsequent closing, of nano-voids, resulting in an
effective lowering in the bulk modulus. The reason why such an effect would not be apparent in
an ordinary homogeneous rubber (e.g., PDMS) is that in a misaligned polydomain LCE there is
a local mechanical incompatibility between domains - potentially causing an opening of voids
on a short time scale and relaxing over a very long time. In contrast, in CNT-filler elastomer
the voids would be purely geometrical and close as fast as the open. This concept would need
further validation if to be proved: one way of testing the opening and closing of these voids
would be to observe changes in the diffraction patter of a small wavelength laser.
Chapter 3
Analysis of gel swelling and deformation
This chapter covers investigations in to the swelling of hydrogels under an imposed deforma-
tion. Tissues can be considered as hydrogels, albeit fibre reinforced, and indeed many of their
constituents are used in tissue engineering to form biological hydrogels (e.g., hyrulonan, colla-
gen) [245, 246]. To gain insights into the role of solvent flow in relaxation, we examined the
ideal case of neutral hydrogels under deformation, specifically polyacrylamide (PAAm) gels,
and investigate how the stiffness of the gel relates to volume change and relaxation.
After a brief introductory background, this chapter first goes through the theory of gel
swelling from a thermodynamics perspective. This is followed by the details of hydrogel prepa-
ration and the experiment protocol using the setup described in Chapter 2. The final section,
discusses the results, demonstrating the relationship between volume change and stress relax-
ation, as well as the importance of hydrogel stiffness. The results of stretched gel in water
are contrasted with the response of stretched gel in non-solvents, where no extra solvent is
available to further swell the polymer network. The latter situation is equivalent to the ‘poor
solvent’ environment. Initially, silicone oil was used as a control matrix into which an initially
water-swollen gel was immersed. Silicone oil was used as it is often used in mechanical testing
to prevent deswelling of a hydrophilic gel. However, it was found that over the time scale of
experiments, the solvent (water) was, in fact, lost from the gel. To investigate the effects of non-
solvent matrix further, additional experiments were conducted in mineral oil and in air. A good
correlation between all the results and the model of swollen gel response to deformation was
found. In all solvents, it was shown that the ratio of force to initial force after an incompressible
deformation is proportional to the Poisson ratio. Furthermore, from a comparison of gels with
large and small shear moduli, it was shown the equilibrium Poisson ratio is larger for stiffer gels
(closer to incompressibility) and correspondingly there is a smaller reduction in force.
Polymer gels immersed in a good solvent will swell, often to a great many times their dry
volume. It is known that variations in experimental conditions, such as temperature, pH, and
solvent can modify the extent of swelling, and the response can vary markedly with gel com-
position [279]. Many hydrogels are biocompatible, in particular those made from purified con-
nective tissue constituents, which has led to extensive research into areas such as drug delivery,
tissue engineering, and soft actuation; the recent developments in these fields are summarised
in [280–282].
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Typically, it is thought that stretching will induce the intake of solvent whereas compression
will expel the solvent – both driving a change in volume as well as reduction in stress [283].
The material property governing the relative volume change is the Poisson ratio, see Eq. 2.1.
As gels are semi-open systems that permit the exchange of solvent, the Poisson ratio be-
comes a time dependent quantity. For instantaneous deformations, ν = 0.5 as there is no time
for solvent exchange (and we assume that, as in any soft material, the shear modulus of the gel
is many orders of magnitude less than the compression modulus, see section 2.2.4). Following
deformation, solvent diffuses into the gel (or out of it, depending on the outside conditions) and
the Poisson ratio will relax along with stress to some equilibrium value. With slower deforma-
tion rates the Poisson ratio is less than 0.5, and there would be a characteristic slow deforma-
tion rate where the gel would deform at the equilibrium Poisson ratio [284]. The timescale of
swelling is determined by the rate of solvent moving into (or out of) the gel, and is consequently
a function of the gel diffusion coefficient and thickness [284]. Reports evaluating the Poisson
ratio often assume that there is no change in cross-linking density [285, 286], or assume the
dilute limit [284], neither of which may be valid in practice. Indeed, for PAAm gels, Li et
al. reported an increase in the equilibrium Poisson ratio with added cross-linker, moving from
0.26 to 0.35 [287]. In order to fully understand the behaviour of swollen gels under imposed
deformation, it becomes important to know the equilibrium Poisson ratio that determines the
largest possible swelling and force reduction, as well as the dynamics of its evolution during
mechanical relaxation after deformation.
3.1 Thermodynamics of neutral gels under stress
3.1.1 Frenkel-Flory-Rehner hypothesis
The thermodynamic model of gel swelling coupled to uniaxial strain is based on the Frenkel-
Flory-Rehner (FFR) hypothesis [288–290], which states that the free energy of a swollen net-
work is separable. In the case of an electrically neutral hydrogel, there are two contributions to
the total equilibrium free energy: the free energy of mixing (determined by the interaction of
solvent with polymer) and the free energy of elasticity (determined by the polymer network),
∆F = ∆Fmix +∆Fel , where for charged polymers there would be an additional ionic term. The
free energy of mixing is described by the Flory-Huggins equation [291]:
∆Fmix = kBT (Ns+Np)
[
φ
Np
lnφ +(1−φ) ln(1−φ)+χφ(1−φ)
]
. (3.1)
Ns is the number of solvent molecules, and Np is the number of monomers in the crosslinked
polymer network; both are assumed to occupy the same volume. The volume fraction of poly-
mer is φ = Np/(Np+Ns), and χ is the polymer-solvent interaction parameter (which may gen-
erally be a function of φ and temperature) [292–294]. As Np is very large for a crosslinked
polymer network, the first logarithm may be safely neglected, and Eq. 3.1 can be directly sim-
plified to:
∆Fmix = kBT Ns [ln(1−φ)+φχ] . (3.2)
3.1 Thermodynamics of neutral gels under stress 65
The free energy of rubber elasticity has been described by many models: the Flory affine [289],
phantom network [295], constrained junction [292], and several tube models [296], to name but
a few of the more popular models. Here, the phantom network model of elasticity is used for its
simplicity, and that it has been shown to be the more appropriate choice for swollen networks
when compared to the affine model [295, 297]. Furthermore, highly swollen networks perhaps
more readily satisfy a key assumption of the phantom model which states that chains only inter-
act with each other at their cross-links. In a swollen network, the connected polymer chains are
separated by solvent, and the greater the dilution of the gel the lower the probability of chains
interacting away from their cross-links. Further inaccuracies of the model are minimised by
determining the shear modulus empirically from gel free swelling, see Eq. 3.8 below. This is
better than calculating the rubber (shear) modulus from network parameters, such as the num-
ber of effective chains and the functionality of the network, which are unlikely to give precise
results. The total change in free energy is now given by
∆F = Ns(φ)kBT [ln(1−φ)+φχ(φ ,T )]+ ξkBT2
(
λ 2x +λ
2
y +λ
2
z −3
)
, (3.3)
where Ns(φ) = Np(1−φ)/φ , λi is the deformation ratio in the ith direction relative to the dry
state, and ξ is the cycle rank proportional to the shear modulus.
3.1.2 Stages of swelling and deformation
The stages of swelling and deformation, from a dry state to a uniaxially strained swollen state,
are shown in Fig. 3.1. It is a complex figure that illustrates several important points pictorially.
The dry state is chosen as the minimum of elastic free energy of a system taken to be incom-
pressible in that state: λxλyλz = 1. Here, the x direction is parallel to the imposed strain and y
and z are perpendicular to it. There is some controversy as to whether this choice of reference
state is correct as many gels are cross-linked in solution and, fundamentally, the quenched-
average elastic free energy (Eq. 3.3) is obtained with respect to the chain shape at crosslinking.
However, in our case there is no issue. Since we are interested in the deformation with respect
to the equilibrium free-swollen state, an arbitrary change in elastic minimum does not alter the
theoretical predictions for this deformation. Any change to the elastic minimum will manifest
itself as a scaling factor to the elastic contribution of Eq. 3.3, which is absorbed into the product
of constants equivalent to the shear modulus, which we measure experimentally.
There are, however, natural physical constraints on the components of deformation ratio at
every stage of swelling, deformation, relaxation and recovery of the gel; they are expressed
in Fig. 3.1 as the relations between the polymer volume fraction, φ , and the components λi at
each stage. To clarify, the polymer volume fraction is ratio of polymer volume to total volume.
Relative to the dry state this means that φ = 1/λxλyλz, and at the special state of free swelling
where λx = λy = λz = λs then φ = φ0 = 1/λ 3s . These constraints and those shown in Fig. 3.1
replace the original incompressibility constraint in the situations when a variable part of the total
volume of the gel is occupied by the solvent. The principal (diagonal) components of stress are
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related to free energy by
σi =
1
V0λ jλk
(
∂∆F
∂λi
)
. (3.4)
To find σy and by symmetry σz, the chain rule and φ = 1/λxλyλz leads to
1
λxλz
∂ f
∂λy
=
1
λxλz
∂φ
∂λy
∂ f
∂φ
=−φ2 ∂ f
∂φ
. (3.5)
Note that this cannot be done simply for σx with an imposed strain in the x direction due to λy
and λz being a function of λx. Upon substituting in Eq. 3.3 in Eq. 3.4 and using Eq. 3.5 we find,
σy =
kBT
V0
[
ξφλ 2x +Np (ln(1−φ)+φ [1+φΨ(φ ,T )])
]
(3.6)
where the function Ψ reflects a possible φ -dependence of the polymer-solvent interaction pa-
rameter χ . Here it is represented as
Ψ= χ− (1−φ)∂χ
∂φ
=
∂
∂φ
[χ(φ −1)] , (3.7)
and it is equivalent to χ in the case of φ -independence. The stress in the x-direction (parallel to
the imposed strain) is less trivial due to the constrained dependence of λy and λz, on λx.
3.1.3 Stress equilibrium
In the case of free swelling, the stresses throughout the body must be zero at equilibrium:
σx = σy = σz = 0. Using Eq. 3.6 and constraint relations in stage [b] of Fig. 3.1, the cycle rank
ξ (and thus the shear modulus) can be obtained as a function of φ0 and Ψ (see Eq. 3.7):
ξ =
Np
φ1/30
(
ln
[
1
1−φ0
]
−φ0Ψ(φ0,T )
)
, (3.8)
where φ0 is the free-swelling volume fraction. With ξ known, we examine the case of uniaxial
strain applied to this free-swollen state, where the shape of the gel is described by λi = λsαi =
φ−1/30 αi (see Fig. 3.1). If the deformation occurs rapidly, there will be no solvent exchange
initially, and we expect the gel to deform as a rubber, i.e., incompressibly. In this case, immedi-
ately after stretch, αxαyαy = 1 so αy = αz = 1/
√
αx, state [c]. Using Eqs. 3.3, 3.4, and noting
that the solvent content φ does not vary initially, we obtain the initial stress in the strained
direction:
σx =
kBTξφ
1/3
0
V0
(
α2x −
1
α
)
≡ G0
(
α2x −
1
αx
)
, (3.9)
where G0 is the shear modulus of the free swollen state. Note the exponent of φ0, which deter-
mines how the shear modulus G (of a gel with constant cycle rank ξ ) changes with swelling.
This relation holds for the linear regime of elasticity, which for the swollen PAAm gels (where
the shear modulus is a 1/3 power of volume fraction) is valid up to φ = 0.25 [298]. Equa-
tion 3.9 is immediately recognizable as the standard relation for the stress of a rubber network
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under uniaxial strain.
3.1.4 Reference and effective strains
In the time following the step-deformation, solvent exchange will occur and the gel volume will
change resulting in a relaxation in stress in the state [d]. This must not be confused with the
more common viscoelastic stress relaxation in a polymer network, which of course is present
but has a negligible amplitude (as the experimental data below shows). The stress related to
volume change is found by defining the current state as an incompressible deformation from a
new reference state [e] in Fig. 3.1. The equilibrium stress is now
σx =
kBTξφ
1/3
0
V0
α ′x
αx
(
α ′2x −
1
α ′x
)
≡ G0α
′
x
αx
(
α ′2x −
1
α ′x
)
, (3.10)
where α ′x = (αx/αy)2/3 is the effective strain and is the deformation relative to the new reference
state [e] corresponding to the new swelling level φ . For small deformations, αx ≈ α ′x ≈ 1, and
we find
σx = G0
α ′x
αx
(
α ′2x −
1
α ′x
)
≈ 3G0(α ′x−1)≡ Y0(α ′x−1), (3.11)
where Y0 is the Young modulus of the free swollen state. It should be noted that Y0, in this
case, is the instantaneous Young modulus and is only valid for deformation without solvent
exchange, e.g., step strain. Like the Poisson ratio, the true Young modulus is a function of time
and is responsible for the reduction in stress. Equation 3.11 implies that, for small deformations,
the change in stress is proportional to an effective change in imposed strain.
A quantity more readily measured in experiment is the resultant tension (force). Multiplying
Eq. 3.10 by the current area, A0αxα2y , and using the relations α ′x = (αx/αy)2/3 and αy = α−νx ,
we find the normalised force, that is, the ratio of the tension in the current relaxed (solvent-
exchanged) state to the tension F0 that was at the peak of step deformation:
F
F0
=
α3x −α1−2νx
α3x −1
≈ 1− 1−2ν
1+αx+α2x
, (3.12)
where ν = − ln(αy)/ ln(αx) is the Poisson ratio defined earlier. The second, approximate ex-
pression is taken in the small deformation limit of αx ≈ 1. Consequently, we expect the resultant
force to decay linearly with the Poisson ratio, which directly after an instant, incompressible de-
formation will start from ν0 = 0.5. As before, the force relaxation in Eq. 3.12 does not take into
account viscoelastic effects (which are found to be very small compared to the volume-exchange
effects); in reality, the relaxation would be somewhat greater than predicted.
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3.1.5 Equilibrium swelling
The equilibrium Poisson ratio is found when the stress on the free faces of the sample is zero.
Using this condition and Eq. 3.6, we find:
αx[ln(1−φ)+φ(1+φΨ(φ ,T ))] = ln(1−φ0)+φ0(1+φ0Ψ(φ0,T )), (3.13)
where φ = φ0/(αxα2y ). In the dilute limit, where both φ ≪ 1 and φ0 ≪ 1, the logarithm can be
expanded and the Eq. 3.13 simplifies greatly. One obtains αy =α
−1/4
x , predicting an equilibrium
Poisson ratio of 0.25 independent of imposed strain. There is an additional lack of dependence
on χ , this result agrees with a scaling argument of Geissler and Hecht applied to polymer coils
in a good solvent [286].
To fully solve Eq. 3.13, the concentration dependence χ(φ) must first be known. Often χ
is expressed as a power series in φ [279, 294, 295], and in this analysis we take χ to first order
as there are few reports in the literature of experimentally determined higher order coefficients.
Substituting χ(φ) = χ1+χ2φ into Eq. 3.13, we find
αx[ln(1−φ)+φ(1+φ(χ1+(φ −1)χ2))] =
ln(1−φ0)+φ0(1+φ0(χ1+(φ0−1)χ2)). (3.14)
This is difficult to solve analytically due to the logarithms. Figure 3.2 shows the numerical
solution for the Poisson ratio as a function of the free swelling volume fraction for a model of
constant χ . Several curves are plotted for the values of χ in the range typical of neutral hydro-
gels. Figure 3.3 shows the Poisson ratio as a function of the free swelling volume fraction for
some common neutral gels; in this case the values of χ1 and χ2 were taken from the literature.
The plots of the Poisson ratio are evaluated for αx = 1.01 (i.e., a small imposed deformation
of 1%) as are the corresponding force relaxation values calculated from Eq. 3.12. It was found
that the equilibrium Poisson ratio is only weakly dependent on strain, and even for large strains
it does not deviate greatly from the plotted values. The force relaxation is dependent on strain
(see Eq. 3.12), but for small strains the value will settle close to small strain limit but at a larger
F/F0.
The general trend is an increase in the Poisson ratio with the free-swelling volume fraction
of the polymer, reaching the incompressible value in the dry rubber (ν = 0.5). In the dilute limit
φ0 ≪ 1, the Poisson ratio is 0.25 as calculated analytically. As seen in Fig. 3.2, the Poisson ratio
becomes highly dependent on χ in the region where χ1 is close 0.5. If χ is independent of φ ,
a value of 0.5 corresponds to a theta-solvent and is indeed the crossover point between a good
and a poor solvent. For the general case, χ is dependent on φ , and the crossover point is when
Ψ = 0.5 (Eq. 3.7). When higher order terms of χ are positive, they reduce the value of Ψ.
The smaller values of the Poisson ratio in Fig.3.3 (i.e., greater swelling) are a result of positive
χ2. Both plots demonstrate that for χ1 in the region of 0.5, as is the case for many gels, the
dilute limit approximation is only accurate for highly swollen gels, and the φ0 dependence of
the Poisson ratio needs to be considered.
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Fig. 3.2 Plot of the equilibrium Poisson ratio at small deformations (αx = 1.01) as a function of
the free swelling volume fraction for concentration independent values of χ . Due to the linear
proportionality, they are equivalent to the normalised force relaxation values F/F0 as given by
Eq. 3.12.
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Fig. 3.3 Plots of the equilibrium Poisson ratio at small deformations (αx = 1.01) as a function
of the free swelling volume fraction for first-order concentration dependence of the Flory in-
teraction parameter, with coefficients χ1 and χ2 taken from the literature [294, 299]. Due to
the linear proportionality, they are equivalent to the normalised force relaxation values F/F0 as
given by Eq. 3.12.
3.2 Preparation of hydrogels
Polyacrylamide (PAAm) gels were prepared by radical copolymerization of a stock solution
of 30% wt Acrylamide (AA) and N, N’- methylenebis-acrylamide (BIS) at a ratio of 37.5:1.
Ammonium persulfate (APS) was used as the initiator and N, N, N’, N’ - tetramethylethylenedi-
amine (TMED) as an accelerant. Stiff gels (modulus 294KPa) were prepared directly from the
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30% AA/BIS solution whereas soft gels (modulus 47KPa) were prepared from the 30% AA/BIS
solution diluted by 2 parts distilled, deionised water. This is known to lower the shear modulus
(and correspondingly increase the equilibrium free swelling ratio) by reducing the number of
effective cross-links formed [285, 300, 301].
Gelation was conducted at room temperature for 1 hour in a sealed, Teflon coated, acrylic
mould giving 4 uniform gel strips of dimensions 22mm×14mm×1.5mm. After gelation, the
strips were gently removed and then submerged in a reservoir of distilled, deionised water to
swell. The gels were left for 48 hours before testing, and the water was changed regularly to
remove any residual reactants. It was observed in preliminary experiments that a gel of these
dimensions takes approximately 6 hours to fully swell.
The equilibrium free swelling concentration, φ0, was determined from the formation con-
centration and the dimensional change between the initial and swollen states. It is assumed that
the concentration before and after gelation are equal. This was tested by comparing φ0 with the
weight ratio of the dry to swollen states, where gel drying was carried out in a vacuum oven at
60 degrees for 24 hours. Both the soft and stiff gels were found to agree, and the largest devi-
ation was 1%. The speckle pattern, for DIC, were applied with matt black spray paint which
washed off readily, and no differences were observed between the free swelling of gels with or
without paint.
3.3 Tensile experiments
Gels were loaded into the clamping mechanism and secured with a small amount of acrylic
resin. One of the large free surfaces was gently dried and a speckle pattern applied. The sample
was then loaded into the stretcher and immersed in solvent. Throughout the procedure, gels
were never exposed to air for more than 2 minutes to minimise water loss (apart from the
experiment in air, described in detail below). All experiments were maintained at T = 25◦C to
prevent additional swelling/deswelling from changes in temperature. The samples were allowed
to equilibrate with the solvent for 6 hours (except for air) before any strain was applied. This
is especially important for accurate measurements of the Poisson ratio in water as the gel may
not be in the fully free-swollen state; this is either due to water loss from mechanical stress
or evaporation. An 8% engineering strain was applied, and the relaxation was monitored for
at least 7 hours. Tensile force data was sampled at 2Hz and images were taken every minute.
In this setup the stress, and the Poisson ratio, could only be evaluated every minute, as it is
dependent on strain measurements from the digital images.
3.4 Deformation of hydrogel immersed in water
Figure 3.4 shows Poisson ratio maps of the soft gel (φ0 = 0.08) immediately after deformation
(state [c] of Fig. 3.1), as well as at equilibrium state [d]. The effects of clamping are clearly
visible in the upper and lower regions: the Poisson ratio is zero at the clamps due to there being
no lateral strain.
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Fig. 3.4 Poisson ratio maps of the soft gel immediately after stretch (t = 0) and at equilibrium
(after 7 hrs). The effects of clamping are clearly visible in the top and bottom regions of the
map. The Poisson ratio for a specific map is taken as the average over the homogeneous region,
highlighted as the region of interest (ROI). The scale bar is 5mm.
The Poisson ratio of an image, corresponding to a time after deformation, is evaluated as the
average over all points in the central region of interest (ROI), where the gel deforms homoge-
neously. At t = 0, the Poisson ratio is 0.5 and the gel has deformed incompressibly. At t = 7 hrs,
the gel has reached equilibrium with the solvent, and the gel shown has swollen to a Poisson
ratio of 0.265. It is interesting to note that with the DIC technique it is possible to observe the
swelling occurring more rapidly at the free edges, and the swelling front moving towards the
center of the gel (see supplementary video 3). This greater influx of solvent is a direct result of
the greater exposed surface area when compared to regions towards the centre of the gel.
In Fig. 3.5 we show the Poisson ratio and force relaxation of soft and stiff PAAm gels where
φ0 is 0.08 and 0.18, respectively. A rough estimate of the time taken to reach equilibrium is
given by the relation t = D/L2, where D is the diffusion constant of water in PAAm (3.33×
10−10m2s−1) [284], and L is the thinnest dimension of the gel (1.6×10−3m). This was found
to be t ∼ 2hrs, which is of the same order of magnitude as the 6 hrs seen in Fig. 3.5.
The Poisson ratio relaxation is described well by a multi-exponential decay function with
two time constants: ν(t) = νeq+ν1×exp(−t/τ1)+ν2×exp(−t/τ2), where νeq = 0.5−ν1−ν2.
The soft gel is fitted perfectly by ν1 = 0.2098±0.0003, τ1 = 61.8±0.1, ν2 = 0.0255±0.0003,
and τ2 = 3.0± 0.1 and the stiff gel by ν1 = 0.1875± 0.0006, τ1 = 55.3± 0.3, ν2 = 0.0298±
0.0006, and τ2 = 1.7± 0.2. In both cases ν2 ≪ ν1, i.e., the main relaxation is long but with
an added small and fast relaxation at early times of the swelling process. Multi-exponential
decay is predicted by kinetic theories in which the time constants correspond to modes of dif-
fusion [284, 302, 303]. Here only two exponentials are necessary to describe the decay. At
equilibrium, the stiff and soft gel settle on Poisson ratios of 0.282 and 0.265, respectively. The
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Fig. 3.5 Plots of the normalised force and Poisson ratio relaxation for soft and stiff gels with
φ0 = 0.08 and φ0 = 0.18, respectively.
corresponding theoretical values, 0.276 and 0.260, are in good agreement.
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Fig. 3.6 Plots of the normalised force against Poisson ratio during the relaxation soft and stiff
gels after an 8% step strain.
Figure 3.6 shows plots of normalised force against the Poisson ratio. As predicted by
Eq. 3.12, a linear relationship is observed in both the soft and stiff gels. The proportionality
is a function of the imposed deformation, and from the gradients of linear regression fits the
corresponding values of αx are 1.03 and 1.04 for the soft and stiff gel, respectively. The im-
posed deformation was 1.08, however. The differences likely originate from the viscoelastic
contributions to force relaxation slightly altering the value of F0, and thus skewing the gradient.
Figure 3.7 shows the same data expressed as the reduction in stress with a change in effective
strain. The effective change in strain is the difference between α ′x and αx, where α ′x is the
effective strain. At t = 0, α ′x is equivalent to the imposed strain, αx (state [c] in Fig.3.1). The
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Fig. 3.7 Plots of the effective change in strain (see Fig.3.1 and the corresponding reduction in
stress. The gradient is the Young modulus of the free-swollen state (see Eq. 3.11).
relationship is linear with a gradient corresponding to the Young modulus of the free-swollen
state, Y0, agreeing with Eq. 3.11. The soft and stiff gels have moduli of 44.15±0.05 KPa and
295.3± 0.6 KPa, respectively. These values agree well with the moduli calculated from the
stress and strain immediately after stretch, namely 47 KPa and 294 KPa.
3.5 Deformation of hydrogel immersed in non-solvents
Figures 3.8 and 3.9 show plots of the force and Poisson ratio relaxation, respectively, of a free-
swollen gel immersed in four different fluids, namely silicone oil, mineral oil, air, and water.
Initially, silicone oil was chosen to be an experimental control as it is a non-solvent to PAAm
gels. Applying a step strain was expected to give a small, fast viscoelastic relaxation, with
ν ≈ 0.5 at all times, after which the force and Poisson ratio would remain constant through
time. However, it was found after an initial relaxation, there was a steady force increase with
time as well as an accompanying increase in the Poisson ratio, i.e., solvent loss. Clearly, the
water was expelled from the gel. Mineral oil was then tried as an alternative (another known
non-solvent for PAAm), and although there was a slight force increase, it was lower than that
of silicone oil.
The origin of the force increase is water loss and the corresponding change in the Pois-
son ratio (see Eq. 3.12). While silicone oil and mineral oil are non-solvents for PAAm gels,
they are somewhat permeable to water, albeit with small diffusive constants. Silicone oil
has a permeability of 46× 10−9m2s−1, which is roughly 50 times that of mineral oil, 0.9×
10−9m2s−1 [304]. In a water-swollen gel suspended in air the rate of water loss is greater still,
and in the experimental time span the gel severs as a consequence of the generated tension. In
the above cases, water loss may be discussed under the theories of gel drying. Put simply, it
depends on the vapour pressure at the surface of the gel, the diffusion constant of the medium
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Fig. 3.8 Plots of the normalised force relaxation of gels in air, mineral oil, silicone oil and water.
At 80 minutes the gel strained in air severs under the generated stress.
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Fig. 3.9 Plots of the Poisson ratio relaxation of gels in air, mineral oil, silicone oil and water. At
80 minutes the gel strained in air severs under the generated stress.
water is being lost into, and for the silicone oil and mineral oil, the vapour pressure of air out-
side the medium [305]. With these boundary conditions, it is possible to solve the equations
of diffusion in steady state, where the flux is constant; however, computer simulations show
that for silicone oil this state is not reached even for ∼ 100 hours (see supplementary video
4), where the simulation was done using the finite difference method in Matlab. This is much
longer than the experimental time span and makes it difficult to make qualitative deductions
about the solvent permeability. Nevertheless, it is clear from Fig. 3.9 that silicone oil is more
permeable to water than mineral oil, and the use of mineral oil is advised if solvent loss is to be
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Fig. 3.10 Plots of the change in stress corresponding to effective strain for air, mineral oil,
silicone oil, and water. Air corrected takes into account the gel not being strained from the free
swollen state, as a result of pre-strain solvent loss and an increased modulus (as seen in the
inset).
Figure 3.10 shows plots of the change in stress as a function of effective strain, analogous
to Fig. 3.6. The plots are congruent due to the gels have approximately the same free-swelling
modulus, as predicted by Eq. 3.11. The plot for air needs a small correction as it was not
stretched from exactly the same free-swollen state. This was due to a small pre-strain water
loss resulting in a higher modulus, which is apparent in the inset of Fig. 3.1. By shifting the
data for air so its intercept agrees with that for water solvent, we find the relative strain begins
at approximately 1.21 rather than 1.08. Taking the Taylor expansion in Eq. 3.11 about 1.21, as
opposed to 1, gives a scaling factor of 1.12 to the change in stress with effective strain. This
modifies E0 for air from 55KPa to 47KPa, in perfect agreement with the values of 45KPa and
43KPa for water and silicone oil. With regard to mineral oil, as the change in stress is too small
to give a measurement of E0 from the gradient, it allows insight to amplitude of viscoelastic
effects. We find the greatest reduction is 1.2%, which is significantly less than the 16.7%
relaxation observed in water. Thus confirming the primary mechanism of stress reduction is
strain induced swelling.
3.6 Insights into connective tissue
This section relates the lessons learned from the experiments and theory in this chapter to con-
nective tissue mechanics. As connective tissues are indeed mostly water (tendon for example
is 62 wt% water[306]) and many of their constituents spontaneously form hydrogels in vitro,
it is clear that the idea of solvent exchange altering their mechanical properties as occurs in
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hydrogels should be considered. The work here has many limitations when making direct com-
parisons with connective tissue. Firstly, the elasticity in the hydrogels studied here is linear,
whereas that seen in connective tissue is consistently non-linear. However, this in itself would
not change the qualitative effect of increased swelling with strain. Secondly, the hydrogels
looked at here are neutrally charged, whereas the constituents of connective tissue are highly
charged (indeed proteogylcans can be some of the most charged complexes in the body[189]).
This would lead to an additional coupling of mechanics to the salt concentration: if the tissue
is open to an isotonic solution then ideally this would have little effect on the results. However,
it is possible that cells will actively modulate the salinity and thus osmotic pressure, though
it seems probable that this would happen over long time scales rather than the short ones of
imposed deformation. In addition, it is also possible that stress would cause conformational
changes in the tissue constituents revealing previously unexposed charged groups, driving sol-
vent exchange and causing swelling or deswelling. A further consideration is the nature of fibre
reinforcement, in particular that of collagen, where it has only very recently been demonstrated
their is elasticity depends on water content [307]. This being said, it is likely that connective
tissue will passively swell upon an imposed strain as these factors would alter the extent of
swelling rather whether it swells or deswells.

Chapter 4
Theory of critical damping
This chapter covers a theoretical investigation of damped free oscillations in viscoelastic ma-
terials. The aim is to explore where critical damping occurs, in this case using the Maxwell
model, fractional Maxwell model, and Zener model. The chapter begins by looking at the gen-
eral theoretical framework in which one can solve for the periodic, or aperiodic, behaviour of
a displaced mass attached to viscoelastic element, i.e., what is the solution of how a mass on
a general viscoelastic spring oscillates. This framework is then applied, first to the Maxwell
model to recapture the familiar overdamped, underdamped, and critically damped regimes of
simpler models, then to the fractional Maxwell model to investigate critical damping in a more
complex viscoelastic systems. Next, the general framework is applied to the Zener (standard
linear) model. The final section goes into a brief discussion of how to define relaxation time of
a system, and how many commonly used viscoelastic relaxation functions are related.
Vibrations in a structure of any kind are rarely a desirable outcome, and if left unchecked
will cause fatigue and damage. Much work has been done on the control and damping of
vibration in manmade mechanical systems and structures, a few of the many examples being the
protection of buildings from earthquakes, isolating a car from uneven surfaces with suspension,
and the effect of wind on bridges. However, less work looks at the damping of vibration in
natural systems such as tissues or cells. Such systems are constantly subject to dynamic forces
and impacts in which energy must be dissipated as quickly as possible. For example, in a tendon
muscle system, such as in legs of running human or galloping horse, it is desirable for the hoof
or foot to quickly return to a resting position, but not to overshoot and oscillate which would
cause fatigue and damage [308, 309]. Or, in a spider’s web after receiving an impact from an
ill-fated fly, the silk needs to be elastically strong enough to absorb the impact but also needs
to be dissipative enough that the energy stored doesn’t fling the fly out again [310]. Connective
tissue is responsible for mechanical support and should be in the critically damped condition.
Here, the condition is investigated theoretically.
The simplest model of vibrational decay is given by viscous damping, which leads to the fa-
miliar underdamped (where oscillations decay exponentially), overdamped (where there are no
oscillations and the system decays to equilibrium exponentially), and critically damped regimes
(the fastest rate of energy decay and the transition point between overdamped and underdamped
regime). This is discussed in more detail in section 4.2.2. In this work, the definition of crit-
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Fig. 4.1 shows the stages of deforming the viscoelastic element, here, m is the mass.
ical damping is expanded to represent the point of fastest energy decay, as some systems will
always oscillate and it is the dissipation of energy which is important rather than whether or not
the system oscillates.
Viscous damping can be represented viscoelastically by a spring and dashpot in parallel
(the so called Voigt model) but as this model fails to represent the viscoelastic response of
most materials, a more rigorous approach is needed. Other work on free oscillations which is
relevant for the interested reader includes the great body of work by Rossinki et al on their work
on fractional viscoelasticity in free vibrating systems [311–313], and other texts on work on the
application of fractional derivatives [16, 314].
4.1 General problem of a viscoelastic oscillator
This section derives the general solution for the motion of a mass m attached to the end of an
viscoelastic element following the release of an imposed strain. The rest length of the elastic
element is x0, upon the attachment of a mass (or imposed pretension) the material reaches a new
equilibrium length of xr. It is assumed that the mass was attached at t =−∞ and that an effective
equilibrium is reached by t = 0 (i.e., no additional creep). This condition is not necessary for
a linearly viscoelastic system as any oscillations will occur on top of the creep; however, if the
relaxation functions is also a function of strain, as it is in many soft tissues, we need to assume
that there is no additional creep. This would also be approximately valid if the amount of creep
that occurs over the decay of oscillations is negligible over the time it takes for oscillations to
decay. Furthermore, we assume that the initial strain applied is small enough that the material
behaves in a linearly viscoelastic manner in this region.
The strain throughout the elastic element is defined as:
ε =
x(t)− xr
xr
(4.1)
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and the derivative with respect to time (i.e., the corresponding strain rate) is:
dε
dτ
=
1
xr
dx(τ)
dτ
. (4.2)
The equation of motion of this system is given by
m
d2x(t)
dt2
=−A
∫ t
−∞
G(t− τ)dεr
dτ
dτ, (4.3)
where the left hand side is the inertial term of the mass m, which is balanced by the force from
the viscoelastic element expressed through stress (Eq. 1.1) multiplied by the cross-sectional
area, A. See section 1.1.1 for a discussion of viscoelastic stress.
Employing Eqs. 4.1 and 4.2 we can represent the equation motion, Eq. 4.3, in terms of ε(t):
d2ε
dt2
=− 1
µ
∫ t
−∞
G(t− τ)dε
dτ
dτ, (4.4)
where µ = mxr/A and is the reduced mass. For a purely elastic system with the relaxation
modulus G(t− τ) = G0, a constant, this will result in oscillations with a frequency (G0/µ)1/2.
We assume up until t = 0− that ε = 0, and at t = 0 a step strain of ∆ε is applied instan-
taneously, after which the system is allowed to restore itself. As mentioned previously, the
condition of ε = 0 for t < 0, is not strictly necessary if the strain is evolving in a defined way
which we can take into account via a coordinate change from ε to ε ′ such that ε ′ = 0 for t < 0.
An example of a situation where this translation is valid would be creep caused by a gravitation
force, or some constant pretension. Utilising the above conditions, we find that the integral
contributes nothing until t = 0−, and between t = 0− and t = 0+ the step function leads to
dε/dt = ∆εδ (t), this simplifies Eq. 4.4 to
d2ε
dt2
=−∆ε
µ
G(t)− 1
µ
∫ t
0+
G(t− τ)dε
dτ
dτ. (4.5)
Taking the Laplace transform we find
s2ε˜(s)− sε(0+)− ε ′(0+) =−∆εµ G˜(s)−
G˜(s)
µ
(sε˜(s)− ε(0+)) , (4.6)
where ε(0+) = ∆ε and ε ′(0+) = 0, as there is no initial velocity. This reduces Eq. 4.6 to
ε˜(s)
∆ε
=
s
s2+ sG˜(s)/µ
, (4.7)
which is the general solution for arbitrary G(t), see Fig. 1.2.
One needs to be careful about which relaxation functions this solution is valid for; in aid of
this, we make reference to the types of relaxation function listed in table 1.2 in section 1.1.1. In
Eq. 4.5, we see that for an isolated G(t) there could be some problems for relaxation functions
of types III and IV, where there are infinities at t = 0. Indeed, it can be seen that if we substitute
relaxation functions of type III and IV into Eq. 4.4, then take the Laplace transform and use our
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initial conditions, we get different results to those of Eq. 4.7. This solution is not valid for types
III and IV, but it also seems that of type III and IV only the Voigt model (or equivalent) can
provide a valid solution for this problem. For relaxation functions of this type an infinite force
is required to perform the step function, this initial force must be balanced by the inertia term
giving an infinite acceleration at t = 0, an initial condition that is clearly not valid. The Voigt
model is exempt here because it is possible to avoid having the step strain entirely by the model
being at the initial strain for all time (i.e., no step strain) then releasing at t = 0. This works
for the Voigt model as it has no "memory" of its time prior to release; whereas, for any other
model, there will be stress relaxation and the initial stress condition is more complicated with
the whole strain history needing to be considered.
4.2 Maxwell and fractional Maxwell model
In this section, we begin our examination of viscoelastic oscillators. We start from the general
approach of the fractional Maxwell model shown in Fig. 1.1(a), but initially solve for the more
familiar case of underdamped, critically damped, and overdamped oscillations that occur in the
limit of the standard Maxwell model. We then go on to solve the full case of the fractional
Maxwell oscillator, which is a model with a more practically relevant power-law like stress
relaxation.
4.2.1 Relaxation function
The relationship between stress and strain in the fractional Maxwell model is given by [16]
σ(t)+ τβ
dβσ(t)
dtβ
= τβGr
dβ ε(t)
dtβ
, (4.8)
which can be derived by using the relationships for the stress and strain for each spring and
fraction dashpot element (see section. 1.1.1), as well as considering that the stress through each
element must be identical and that the total strain, ε(t), must be the sum of the strains through
each element. The τβ term must be there for dimensionality. For β = 1, Eq. 4.8 is simply that
of the standard Maxwell model:
σ + τσ˙ = Grτε˙, (4.9)
where τ = η/Gr and Gr = G0.
For β = 0, i.e., when there is no relaxation, the system is two springs in series of individual
modulus Gr; consequently, the system is equivalent to a single spring of modulus Gr/2. This
may at first seem odd, but the situation arises from τβ term which always tends to one as β
tends to zero.
To find the relaxation function so that it can be substituted in to general solution, Eq. 4.7,
we first take the Laplace transform of Eq. 4.8:
σ˜(s)+ τβ (sβ σ˜(s)− sβ−1σ(t = 0+)) = τβGr(sβ ε˜(s)− sβ−1ε(t = 0+)), (4.10)
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where the relationship L
{
dβ f (t)/dtβ
}
(s) = sβ f˜ (s)−∑m−1k=0 sβ−1−k f (k)(0+) was used [16].
Here, f (k)(0+) is the regular derivative of order k evaluated at t = 0+. For relaxation at a
constant strain, σ˜(s) = ∆εG˜(s), we have the initial conditions of ε(t = 0+) = ∆ε and σ(t =
0+) = Gr, substituting into Eq. 4.10 we have:
G˜(s) = Gr
sβ−1
sβ +(1/τ)β
. (4.11)
The inverse Laplace transform of G˜(s) can then be found in Laplace transform tables. For
β = 1, G(t) is a simple exponential decay; for β = 0, G(t) is constant; and for 0 < β < 1, G(t)
is a Mittag-Leffler function (see table 1.1). Substituting G˜(s) into Eq. 4.7 we have
ε˜(s)
∆ε
=
s+ τ−β s1−β
s2+ τ−β s2−β +ω20
, (4.12)
where ω20 = Gr/µ . In the limiting cases of β = 1, the Laplace transform is the same as that
of the standard Maxwell model, and is of the same form as the Laplace transform of the linear
harmonic oscillator, i.e.,
d2ε
dt2
+λ
dε
dt
+ω2 = 0, (4.13)
and one would expect the same solution form. In the limiting case of β = 0, the Laplace
transform is of the same form as that of an undamped oscillator, i.e.,
d2ε
dt2
+ω2 = 0, (4.14)
and again one would expect the solutions of the same form. It should be noted that the fractional
Maxwell model is the only viscoelastic model which converges to the purely elastic and purely
damped elastic oscillators when β = 0 and β = 1, respectively.
4.2.2 Standard Maxwell model
For the standard Maxwell model β = 1, and rearranging Eq. 4.7 and applying the inverse
Laplace transformL −1, we get
ε(t)
∆ε
= L −1
{
s+(1/2τ)
(s+1/2τ)2+ω2
}
(t)+
1
2τω
L −1
{
ω
(s+1/2τ)2+ω2
}
(t)
=
(
cosωt+
1
2ωτ
sinωt
)
e−t/2τ , (4.15)
where ω =
√
ω20 − (1/2τ)2, and the Laplace transforms can be found in any table.
The result is the standard solution to a damped harmonic oscillator, where there are the
three well known regimes: underdamped, overdamped, and critically damped (see Fig. 4.2).
Underdamping occurs for 1/τ < 2ω: the system will oscillate with a retarded frequency ω and
the amplitude will decay as exp(−t/2τ). In the overdamped regime 1/τ > 2ω , ω becomes
imaginary and the trigonometric functions switch to their hyperbolic counterparts, where there
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Fig. 4.2 shows the change in strain for (a) underdamping, (b) overdamping, and (c) critical
damping for the standard Maxwell oscillator.
are no oscillations and the amplitude decays as ≃ exp(−ω20τt). The critically damped case
occurs when 1/τ∗ = 2ω and defines the fastest time the system can return to equilibrium.
4.2.3 Inverse Laplace transform
We now turn to full fractional Maxwell case and with 0 < β < 1 there is no obvious Laplace
inversion, so we solve using the inverse Laplace transform directly:
ε(t)
∆ε
=
1
2pii
∫ γ+i∞
γ−i∞
1+(sτ)−β
s2+(sτ)−β s2+ω20
sest ds. (4.16)
This in turn is solved by creating a contour integral in the complex space over an appropriate
path (see Fig. 4.3). Due to the fractional power, looping once round the origin will result in
distinctly different values at the same coordinates, to avoid this we are left with a branch cut
along the negative real axis.
This leads to
ε(t)
∆ε
=∑Residues+∑Branch cut. (4.17)
The branch cut terms are:
∑Branch cuts = 12pii
∫ ∞
0
{ 1− (sτ)−β eipi(1−β )
s2+ τ−β s2−β eipi(2−β )+ω20
− 1− (sτ)
−β e−ipi(1−β )
s2+ τ−β s2−β e−ipi(2−β )+ω20
}
se−st ds, (4.18)
where for the first integral s→ seipi and for the second integral s→ se−ipi . This simplifies to
a real integral which is a linear combination of exponential decays:
Decay =
∫ ∞
0
p(x)e−xt dx, (4.19)
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Fig. 4.3 Contour path with R tending to infinity, the line from γ − i∞ to γ + i∞ is proportional
to the Laplace transform. The radial part tends to zero, due to est → e−Rt , and we are left with
contributions from the branch cut and the two poles.
where the distribution function is
p(x) =−sin(piβ )
pi
τβω20 x
1+β
x4+(x2+ω20 )2(xτ)2β +2τβ x2+β (x2+ω
2
0 )cos(piβ )
. (4.20)
The resulting decay function is a monotonically increasing function, starting from some nega-
tive value and approaching zero at t =∞, as is always the case when a collection of exponentials
is summed with a certain distribution function of relaxation times (p(x) here).
4.2.4 Analysis of residues
The residues will provide a decaying oscillatory part to the solution, where the rate of decay
and oscillation frequency will depend on the real and imaginary values, respectively. To find the
residues we must first find the location of poles by solving s2+(sτ)−β s2+ω20 = 0. This most
easily done by substituting in the polar form s = reiθ and separating into real and imaginary
parts:
r2 cos(2θ)+ τ−β r2−β cos [(2−β )θ ]+ω20 = 0,
r2 sin(2θ)+ τ−β r2−β sin [(2−β )θ ] = 0.
These equations can only be simultaneously be satisfied if the solution is to the left of the
imaginary axis, and there are clearly two solutions which are complex conjugates of each other,
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i.e., at θ and −θ . The pair of simultaneous equations, for (r,θ), are much more usefully
represented as
sin(βθ)
sin [(2−β )θ ]
(
−sin [(2−β )θ ]
sin(2θ)
)2/β
= (ω0τ)2 . (4.21)
and
r =
(
−sin [(2−β )θ ]
τβ sin(2θ)
)1/β
. (4.22)
In the region pi/2 < θ < pi , sin(βθ) is always positive and sin(2θ) is always negative, hence
Eq. 4.21 is only satisfied if pi/2 < θ < pi/(2−β ) such that sin [(2−β )θ ] is positive. The poles
can now be found by first solving Eq. 4.21 for the argument, θ , for given values of β , τ , and ω ,
this can then be substituted into Eq. 4.22 to find the absolute value.
Figure 4.4 shows the path of one of the poles in the complex plane for 0≤ β ≤ 1 withω2 = 1
and select values of τ . As the poles are complex conjugates of each other, the corresponding
poles can be found via a reflection in the real axis. When β = 0 the solutions become purely
imaginary and there is only an oscillatory part, all paths converges to ω/
√
2 as when β = 0
the fractional Maxwell model is equivalent to a single spring of modulus Gr/2 (see section
4.2.1). The standard critical damping condition is when β = 1 and 1/τ = 2ω , and it is clear
that for 1/τ > 2ω the poles will always converge to the real axis as β → 1 (as expected this is
overdamping). For 1/τ < 2ω the poles do not converge to real axis, and when τ is large enough
(i.e., damping is negligible) the pole converges to the imaginary axis at ω0. Interestingly, for
any 0 < β < 1 the fractional Maxwell model will always oscillate to some degree.
Now we have the location of the poles, we can look at the residues: as they are simple poles
we find that
Residues = lim
s→s1
{
(s− s1) (s1+ τ
−β s1−β1 )e
s1t
s21+ τ−β s
2−β
1 +ω
2
0
}
+
lim
s→s2
{
(s− s2) (s2+ τ
−β s1−β2 )e
s2t
s22+ τ−β s
2−β
2 +ω
2
0
}
. (4.23)
Taylor expanding the denominators about their respective poles, and noting that s1 = s∗2, s1 =
reiθ = α+ iσ , and Acos(σt)+Bsin(σt) =
√
a2+b2 cos(σt+arctan(−B/A)), Eq. 4.23 simpli-
fies to:
aeαt cos(σt+φ), (4.24)
where
a =
1− β
(
4−β +4τβ rβ cos(βθ)
)
4
(
τ2β r2β +2τβ rβ cos(βθ)+1
)
−1/2 ,
φ = tan−1
(
− βτ
β rβ sin(βθ)
2−β +2τ2β r2β +(4−β )τβ rβ cos(βθ)
)
. (4.25)
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Only when β = 1 or β = 0 is the initial amplitude, acosφ , equal to one, this is also where
the Decay part, see Eq. 4.19, of the solution is equal to zero (as is expected as the branch cuts
will vanish). For 0 < β < 1, acosφ > 1, which is offset by the negative contribution from the
Decay part. The Decay part itself describes the drift of the equilibrium point around which
the system oscillates, and its rate of decay is closely tied to the frequency and decay rate of
oscillations, as the amplitude of oscillations can’t exceed one and must decrease monotonically
for the solution to be thermodynamically viable.
4.2.5 Critical damping condition
There are two ways of defining what the decay rate actually is. Firstly, one could suppress
the oscillatory part of the full solution (remembering that the fractional Maxwell model always
retains oscillations, c.f. Fig. 4.4), that is set its frequency to zero and then analyse the remaining
decay by fitting it to as simple exponential e−t/τ . A potential issue here is the competing
negative decay from the Decay part and the positive exponential decay from the oscillatory part,
this can result in a response that does decay monotonically and increases before decreasing, this
would happen if the Decay part decays significantly more rapidly than the oscillatory part.
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Fig. 4.5 The decay rate, where decay rate is defined as A in exp(−At), as a function of τ at
ω0 = 1 for varying values of β . The error bars indicate where A was evaluated and standard
error of the fit
The alternative method is to focus on the decay rate of the oscillatory part i.e., the real part of
the pole locations. This gives a good approximation due to the Decay part always vanishing at
much faster rate than the oscillatory part. The Decay part must decrease substantially within half
of an oscillatory period: if it didn’t, then the first peak negative amplitude of oscillation would
be greater than −1, which would imply an increase in energy and is clearly thermodynamically
impossible. However, there is a concern that the oscillatory decay describes decay from some
value greater than one, rather than from the initial amplitude, but from plotting decay using the
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oscillatory decay rate (i.e., e−Re[s1]t) against the oscillations, it was found there was difference
between the decay oscillations.
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Fig. 4.6 The decay rate, where decay rate is defined as A in exp(−At), as a function of τ at
ω = 1 for varying values of β .
As a result, we decided to compare these two very different methods and discovered that
their predictions match. This means both work adequately and approximation is safe. Figure
4.5 shows the decay rate using the first method, which in order to give a measure of the rate of
decay of the whole system, approximated the decrease of oscillation amplitude using Eq. 4.24
with σ = 0. This function was the fitted with exp(−At), where A is the measure oscillation
decay rate.
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Fig. 4.7 shows τ∗ (i.e., the value of critical damping) changing as a function of β for three
values of ω0. The points represent the exact value and the curve shows the approximate relation
τ∗ ≈ (1/ω0)(1/2)1/β
Figure 4.6 shows the result of the second method, where as the Decay part (Eq. 4.19) decays
rapidly when compared to decay of the oscillatory part, a good approximation of the decay of
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oscillations is given by exp(−At) where A =−Re [s1].
The peak of each curve is the point of critical critical damping, i.e., the greatest rate of
energy dissipation. Unsurprisingly, with a decrease in β the decay rate at critical damping
decreases and there is a broadening of the peak. The value of τ at which critical occurs also
shifts with β , following the approximate relationship τ∗ = (1/ω0)(1/2)1/β as demonstrated in
Fig. 4.7.
4.3 Viscoelastic solid (Zener model)
In this section, we examine critical damping in the Zener model, see Fig. 1.1(c), which consists
of a spring in parallel with a Maxwell element. We are interested in the effect of varying the
proportion of the modulus distributed in the spring compared with the Maxwell element, i.e.,
changing the ratio between the relaxation part and the equilibrium modulus, Ge/(Ge +Gr),
between zero and one. This model is the closest to a real viscoelastic solid (such as biological
tissue, our ultimate interest).
The relaxation function for Zener model can be found be either noting that when viscoelastic
elements are combined in parallel, their relaxation functions sum. Alternatively, it be found in
the same method as used above for the Maxwell model using the relationship between stress
and strain:
σ(t)+ τ
dσ(t)
dt
= τGr
dε(t)
dt
+Geε(t). (4.26)
which gives a G˜(s) of
Ge
s
+
Grτ
1+ sτ
. (4.27)
Substituting G˜(S) into Eq. 4.7 we find
ε˜(t)
∆ε
=
s2+ τ−1s
s3+ τ−1s2+ω2∞s+ξω2∞
=
s2+ τ−1s
(s− s1)(s− s2)(s− s3) (4.28)
where ω2∞ = (Ge+Gr)/µ is an effective frequency of the oscillation of the (short-term) glassy
state, and ξ =Ge/(Ge+Gr) is the non-dimensional control parameter that measures the relative
amount of stress relaxation. The last expression highlights the residue structure of ε˜(s). Here,
the solutions are given by
s1 =−λ +2δ , s2 =−λ +δ + iψ, s3 =−λ +δ − iψ
λ =
1
3τ
, δ =
1
3τγ
(
1+ γ2−3τ2ω2∞
)
, ψ =
√
3
6τγ
(
1− γ2−3τ2ω2∞
)
γ = 2−1/3
(
9ω2∞τ
2(1−3ξ )−2+
√
4(3τ2ω2∞−1)3+(9ω2∞τ2(1−3ξ )−2)2
)
.
The solution for the actual oscillation, ε(t), is then simply the sum of the residues located at
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these poles, which takes the general form of
ε(t)
∆ε
=
s21+ τ
−1s1
(s1− s2)(s1− s3)e
s1t +
s22+ τ
−1s2
(s2− s3)(s1− s1)e
s2t +
s23+ τ
−1s3
(s3− s1)(s3− s2)e
s3t (4.29)
The paths of the solutions for 0 ≤ ξ ≤ 1 are plotted in Fig. 4.8 demonstrating a crossover
regime determined by whether γ is complex or purely real, which in turn determines whether
the solutions are purely real or complex. Plot (a), (b), and (c) shows the values of all three
solutions, for 0≤ ξ ≤ 1, for τ = 1, 0.55, 0.55, and 0.4, respectively. The transition of γ from
real to complex occurs at τ < 1/(2ω0), approximately in the overdamped region of the standard
Maxwell model. In this region, there is an additional regime around τ = 1/(2ω) where all
the solutions become real and there will be no oscillations (Fig. 4.8b). Then, at large τ (low
damping) the oscillations start again.
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Fig. 4.8 shows plots of the s1, s2, and s3 for 0 ≤ ξ ≤ 1 and (a) τ = 1, (b) τ = 0.55, and (c)
τ = 0.4, for ω∞ = 1.
There are two regimes present here: the first being periodic when either s2 and s3 or s1
and s3 are complex conjugates of either other, the remaining solution is always negative real,
the second is an aperiodic regime where s1, s2, and s3 are all negative real. When the ratio
of modulus parameters, ξ → 1, i.e., Gr << G0, the complex conjugate pairs become purely
imaginary, as expected, as here system becomes effectively a single spring of modulus Ge.
When ξ → 0, i.e., Gr >> G0, we are left with two solutions corresponding to those of the
standard Maxwell model. With a complex conjugate pair as well as a real solution, Eq. 4.29
takes the form:
ε(t) = Aeλ1t +Beλ2t cos(ωt+φ), (4.30)
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where
A =
α(ατ+1)
τ (α2+ r2−2αr cos(θ)) ,
B =
√
r2τ2+2rτ cos(θ)+1
τ2 sin2(θ)(α2+ r2−2αr cos(θ)) ,
φ =
cos(θ)
(
r2τ−α)−αrτ cos(2θ)+ r
sin(θ)(α− τr2+2αrτ cos(θ)) , (4.31)
where s± = re±iθ = λ2± iω and α = Re [s0] = s0, where s± is conjugate pair solutions and s0
is the third, real solution. With solely real solutions, Eq. 4.29 takes the form
ε(t) =
N=3
∑
i=1
Aieαit . (4.32)
where αi = si = Re [si] and the prefactors, Ai, correspond to those in Eq. 4.29.
The role of the sole exponential decay in Eq. 4.30 plays a similar to role to that of the decay
term in the fractional Maxwell model, i.e., it contributes a decreasing negative value which
offsets the greater than one amplitude of the cos(ωt+φ) term. This must always decay rapidly,
before half an oscillation has occurred, otherwise a less than negative one amplitude would
be observed. Consequently, the primary determinant of how long it takes for the system to
equilibrate is determined by the exponential decay term of the cos(ωt+φ) term.
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Fig. 4.9 shows the decay rate, defined as the A in exp(−At), as a function of τ for a full range
of values of ξ , for ω∞ = 1.
The decay rate, which as before, is defined as the A in exp(−At), is then approximately
given by −Re [s3]. The value of A as a function of τ for different values of ξ is shown in
Fig. 4.9.
An increase in ξ causes a lowering of the decay amplitude and a broadening of the peak.
The peak decay, τ∗, shifts from τ∗= 1/(2ω) at ξ = 0, and as ξ approaches one, τ∗→ 1/ω . The
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full fractional Zener model is derived in ref [311], and represents a merging of the fractional
Maxwell model and Zener model seen here (as would be expected). The key difference being
that the fractional Zener model always oscillates and does not have the aperiodic regime. A
decreasing β will cause a further lowering and spreading of the peaks seen in Fig. 4.7, as well as
shift in τ∗ towards a lower value. For a biological system to be in the critical damped condition,
the viscoelastic element must evolve its parameters to match those of the systems mass. In
essence, by shifting the relaxation time, the biological system can move closer towards critical
damping.
4.4 What is relaxation time and which relaxation function?
Relaxation time is the main parameter by which one decides if the system is critically damped,
and is a useful concept which gives a measure of the scale over which relaxation in a system
occurs. The idea being, that even for more complicated systems (e.g., multi-exponential relax-
ation), there can be some average descriptive time of relaxation. We define it mathematically
here as the relaxation constant
T =
∫ ∞
0
∆σ(t)
∆σ(0)
dt =
∫ ∞
0
σ(t)−σ(∞)
σ(0)−σ(∞) dt (4.33)
where for the relaxation functions of the form G(t) = Ge +Gr exp(−t/τ), with τ as the
relaxation time, this gives T = τ . Care needs to be taken when experimentally determining
T using Eq. 4.33 as it may be impractical (or even impossible) to measure. This can be seen
investigating the T measured as function of the length of the experiment, teq, such that:
T (teq) =
∫ teq
0
σ(t)−σ(teq)
σ(0)−σ(teq) dt ≡
∫ teq
0
G(t)−G(teq)
G(0)−G(teq) dt (4.34)
For relaxation functions of the form G(t) = Ge+Gre−t/τ this gives the relaxation constant
T (teq) = τ− teq/
(
exp(teq/τ)−1
)≈ τ− teq exp(−teq/τ). To measure T in this case, one would
either need to let the experiment run on until teq exp(−teq/τ) becomes negligibly small or T (teq)
calculated from the data can be fitted. Measuring T from experimental data can be done in
two ways, the first is to fit the data with a chosen relaxation function, then using the fitted
parameters, calculate T (teq) using Eq. 4.34 directly. Alternatively, one can integrate the data
directly numerically, which is the more advised method as it relies on fewer assumptions.
For some relaxation functions, such as the asymptotic power law with a power less than 1,
Eq. 4.33 is not convergent, meaning there is no defined time for the relaxation (this is the so
called scale-free rheology). This means that relaxation constant, T , will always increase as a
function of the length of the experiment, teq. In the case of the asymptotic power-law, the change
in the relaxation constant with the length of the experiment, T (teq), is predictable, where if the
relaxation modulus is
G(t) = Ge+
Gr
1+(ct)β
= Ge+
Gr
1+ t ′β
, (4.35)
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where the scaling t ′ = ct is used for convenience, then the relaxation constant will change as:
T (t ′eq) =
∫ t ′eq
0
1− t ′β t ′β−1eq
1+ t ′β
dt ′ ≈ pi
7
(1−β )5β
(
104
t ′eq
)β
t ′eq, (4.36)
which for small β gives T (teq) ∝ t
1−β
eq . This result is useful in gleaning insight into how the
relaxation constant of similar non-convergent relaxation functions behaves. First looking at the
stretched exponential of the form G(t) = G′e+G′r exp [−(t/τ ′)α ], it can be shown that Eq. 4.33
converges to (τ ′/α)Γ(1/α) only for α > 0.3. For small α , the stretched exponential is equiva-
lent to the asymptotic power law, where by Taylor expanding in powers of small β and α , we
have Eq. 4.35 in the form:
Ge+
Gr
2
(
1− β
2
ln [ct]
)
≈ G′e+
G′r
e
(
1−α ln
[ t
τ
])
(4.37)
such that for α < 0.15, the asymptotic power law and stretched exponential are almost identical
(and experimental indistinguishable) with G′e = Ge, α = β/2, and G′r = e1Gr/2, where the
primes are used to distinguish the variables from those in Eq. 4.34 as they will be compared
shortly. Then, from Eq. 4.36, we can see that the relaxation constant of a stretched exponential
also increase approximately linearly for small α .
In addition, we can compare the asymptotic power-law to the Mittag-Leffler function (which
describes the relaxation modulus for the fractional Maxwell model), where interestingly for
small β the functions are practically identical, with a one to one relationship between their
parameters, i.e.,
Ge+
Gr
1+(ct)β
≈ Ge+Eβ
[
−(t/τ)β
]
, (4.38)
where c = 1/τ .
Furthermore, it is not difficult to show that power law (which is often reported to describe
the viscoelastic behaviour on many systems) also has a T (teq) ∝ teq for small β : the lower limit
integral in Eq. 4.34 must be set to a small constant to avoid the singularity at t = 0.
In many viscoelastic materials in soft matter (e.g., tissue, cells, or gels) β is small, and
accordingly, one may choose the relaxation function that is best suited for analysis. The Mittag-
Leffler form of the relaxation function, stemming from the fractional Maxwell model, is par-
ticularly useful here as it has many desirable properties, namely, it is the only relaxation with
a finite glass modulus and a simple Laplace transform useful for theoretical models. Impor-
tantly, the theoretically analysis carried out in section 4.2 is valid for the power-law, asymptotic
power-law, and stretched exponential for small β , as we can simply relate them to the Mittag-
Leffler function. An alternative approximation is to take a measured relaxation constant for an
experimental time scale and the ratio of equilibrium modulus, Ge, to initial modulus, G0, and
use them to give an approximate oscillator response using the Zener model.
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4.5 Insights into connective tissue
The work here represents an ideal system where a mass is attached to weightless viscoelastic
element, where the goal was to evaluate how energy is dissipated in different viscoelastic sys-
tems. Of course, a real connective tissue system does not meet these exact requirements but
could be approximated as such, say in a system of muscle tendon foot. The dissipation of en-
ergy, is characterised by the decay rate of oscillations where the peak decay rate defines critical
damping (the definition of critical damping is less stringent than usual due to their not neces-
sarily being an aperiodic regime). The theory here first demonstrates the conditions for critical
damping and then shows how connective tissue could tune itself towards critical damping with
pretension, such that it dissipates the most energy under typical frequencies it experiences. The
key assumption is that whilst the elastic behaviour of tissues is non-linear, that at small strains
they behave in a linearly viscoelastic fashion; i.e., the linear viscoelastic properties will change
as a function of prestrain, but that at small strains around that prestrain they are approximately
constant. The mathematical formulation considered here allows one to fit experimental data
of strain dependent viscoelasticity with an appropriate viscoelastic model and examine how
changes in the viscoelastic relaxation time with prestrain would correspond to changes in the
amount of damping. This can either be applied to cells whose viscoelastic properties are tuned
by prestress (see section 1.3) or for connective tissue. Each specific system requires some
knowledge of the mass and size to know whether the changes in the viscoelastic parameters
with prestress (of prestrain) bring the systems towards or away from critical damping. There
are two key parameters (for the viscoelastic models studied here) that determine how much
damping occurs at a particular the frequency: they are τ , the relaxation time, and β or ξ for
the fractional Maxwell and zener models, respectively. In physiological situations, the values
of these parameters should be tuned to suit the tissues the function. For example, it would be
expected that for elastic arteries or lung connective tissue, that there would be every low dissi-
pation in the region of 1 Hz at lower strains, whereas at higher, potentially damaging strains it
would be preferable for the dissipation to be greater at 1 Hz.
When looking at experimental data, it is preferable to have one parameter which can mea-
sure the change in viscoelastic properties with strain, this was established as relaxation time in
section 4.4, which can be calculated directly from experimental data. The simplest approach
to move forward, when carrying out viscoelastic relaxation experiments, is to first focus on the
zener model, where ξ has a small effect on value of τ at which critical damping occurs, and
mostly acts to lower and spread the peak of damping. Hence the key parameter in determining
whether or not the system is critically damped would be τ , which can estimated via the the
relaxation time.

Chapter 5
Experiments on Connective Tissue
This chapter covers multistep relaxation experiments on tissue, with the aim of investigating
how the viscoelastic properties change with strain. This begins with an initial discussion on
three protocols of how multistep relaxation experiments can be done on one sample. These
ideas were developed through many preliminary investigations. This is followed by results on
tendon and fascia.
5.1 Multistep relaxation protocols
Multistep relaxation involves applying successive step strain relaxation experiments to a mate-
rial, in this case with an incrementally increasing strain. There are three basic protocols which
can be used, each of which is advantageous in revealing different aspects of a materials vis-
coelastic behaviour (see Fig. 5.1). It should be noted that a continuous strain ramp, which is
probably the most commonly used method in the literature, in fact lacks any of these advan-
tages and returns meaningful data when relaxation is slow and small. Neither is the case in
most biological tissues.
The first stretching protocol involves applying step strains to a material at set strain incre-
ments, such that the total strain increased by some ∆ε after a set time interval. This is the
simplest of the three to execute, certainly programmatically. It provides an investigation of how
stress in a material relaxes upon successive step strains. This is particularly effective if much
of the stress relaxation from the previous step strain has finished before the next step begins. If
this is the case, we can observe how pretension affects stress relaxation following a step strain
of ∆ε . For a purely linearly viscoelastic material, if the residual stress from the previous step
strain has already relaxed, it is simple to show that each step would have identical stress relax-
ation. However, if the relaxation time is much longer than the constant-strain period, residual
stress can build up and there will be additional relaxation in future steps. A limiting case of this
protocol is the strain ramp, with strain applied at a constant rate, often used to find a material’s
Young’s modulus and is often used in the literature. However, the issue of stress relaxation can
result in an overestimation of the modulus, and indeed, an unreliable link between one strain
and another, as a force value at a higher strain will have a greater percentage of residual strain
than one at a lower strain. In essence, it is unadvisable to use a strain ramp when measuring the
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Fig. 5.1 shows the three multistep protocols, the top row are the imposed strains and the bottom
row is a typical force response of a viscoelastic material.
Young’s modulus of a material, unless the purpose of the experiment is to investigate the stress
strain relationship and different ramp rates. A reliable measure of the Young’s modulus can be
found using protocol 1 and a sufficient relaxation time between each step strain, estimates of
this time are discussed in section 4.3. In some cases it may be impracticable, or impossible, to
wait long enough for relaxation to finish before moving onto this step. Here, concessions would
have be made and the experimental time should be as long as practical.
The second protocol allows an investigation of how stress relaxes in a material in response
to increasing step strains (e.g., for ∆ε , 2∆ε , 3∆ε). Following step relaxation the material is
returned to zero strain to recover for a set amount of time, after which the next step relaxation
occurs. Again, in both the length of time in the stretched state, and in the duration of the zero-
strain state, it is critical the relaxation time be long enough that relaxation has finished. It is
particularly important in this protocol that the recovery time is long enough that the material
recovers. For a purely linear viscoelastic material this would be the same amount of time it takes
for the material to relax; however, this is an ideal case it can often take longer. If it is not possible
for relaxation to fully occur in the experimental times span, then the recovery time should,
at the very least, be the same as the relaxation stage time. An additional concern is plastic
(irreversible) deformation, where deformation no longer starts at zero-strain but at some larger
strain value. Separately, for biological materials (and other materials) there is the potential
need for preconditioning, where it is sometimes reported that a few cycles of strain must be
applied before repeated stress strain curves are recovered [237, 315]. However, this seems
redundant here because we are allowing for a recovery period in which whatever was causing
the irreproducibility is also recovering. Therefore, it seems reasonable that preconditioning is
only needed for experiments where stress strain curves or the response to cyclic strain are of
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interest, and not stress relaxation following a step strain. Biological materials are highly varied
in their response as it is, so it is the general relationships we are looking for rather than exact
parameters for a material.
The third protocol is similar to the second; however, the recovery stage is not a zero strain
but at the previous step strain value (i.e., after the step strain at 2∆ε the material will recover
at ∆ε). This protocol allows for an investigation of stress relaxation in a prestressed material
with recovery occurring at some prestress. The same considerations about relaxation time occur
apply here, where it is preferable that the time scale of each step is long enough that relaxation
and recovery can fully occur. This protocol is useful for looking at systems which are always
prestressed. This applies to soft connective tissues, such as tendon and fascia, where they are
always prestressed and any strain applied happens on top of this stress, considering how tendons
are shown to have an approximately power-law relaxation, then how is that they can maintain
such pre-stress? As it happens, the actually relaxation time (as defined in section 4.3) is always
longer than any experimental time scale due to the power law like relaxation rate.
5.2 Tendon
As discussed in section 1.4.2, tendon is a hierarchical structure with highly organised formations
of collagen, which is the primary load carrying component. Collagen fibrils bundle in fibres,
which are in turn bundled in fascicles, all are aligned along the main axis [213]. In this work,
equine digital flexor tendon was acquired from a freshly euthanised horse from the Cambridge
Veterinary School. The tendon was placed in Dulbecco’s Modifies Eagle’s Medium (DMEM),
a commonly used physiological solution, and was then iced. For a whole tendon, the forces
that result from even small applications of strain are far too great for the setup, so the tendon
was split along the main axis and samples of a much thinner diameter were acquired. It is
reasonably easy to get these smaller sections from a tendon due to the hierarchical structure and
bundling of collagen fibres in fascicles. Samples were mounted into the clamps and placed in
the environmental chamber containing a physiological solution maintained at 37◦C (shown in
Fig. 5.2). For all experiments on tendon, during and for 0.5s following the step strain, data was
logged at 20 Hz, after which the time separation increased exponentially such that the points
appear evenly separated on logarithmically scaled time-axis (see Appendix A for details).
Protocol 2
Figure 5.3 shows plots for the successive step relaxations on a tendon using protocol 2 (see
Fig. 5.1). The relaxation stage was 500 seconds, as was the recovery stage. The maximum
strain was 5.4%, increasing from zero in 0.2% increments.
The strain here is an approximate value, as there is no defined initial or resting stage. This
matter is mostly brushed over in the literature, where many reports do not describe how they
defined strain, whereas others set the initial strain to be where some arbitrary force value is
achieved. Normally, in a model sample (e.g., rubber) one would find the zero rest state by
making small step strains starting from a point that is clearly well before zero strain, i.e., when
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Fig. 5.2 shows a horse digital flexor tendon fascicle secured in the clamps of the stretcher setup,
immersed in physiological solution.
the sample is bent and not aligned to stretch yet. As the displacement increases so does the
force, at some displacement there is a change in the force increase gradient and the transition
displacement can be identified as the point of zero strain (see Fig. 5.4). It is not entirely clear
where this small gradient before zero strain originates, but it is possibly due to some energy cost
of changing the material’s shape.
However, in the case of biological tissues (including tendon) the stress follows the typical
J-curve of the stress-strain relationship (often with no clearly defined relaxation point). This
makes the procedure shown in Fig. 5.4 difficult, if impossible to do. In these experiments, the
initial strain was set to just before the sample visibly became straight. In this work, the exact
strain does not matter, what is more of interest is how the viscoelasticity changes with changing
strain.
Figure 5.5 shows the initial force, immediately after stretch, and the force after 500s relax-
ation, for each step strain. It shows the J-curve of strain and force common to soft connective
tissue. From Fig. 5.3 and 5.5, there is clearly a significant amount of force relaxation. It can
also been seen in Fig. 5.5 the difficulty in defining the strain at which the material is at rest.
Fits to the data for 5% strain relaxation are shown in Fig. 5.6 using a power-law, asymptotic
power-law, stretched exponential, and Mittag-Leffer function. We can see that all functions
give a reasonable fit; however, none fully cover the behaviour over the whole experimental
time scale. There are two possible reasons for this: first, and most obvious, tendon does not
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Fig. 5.3 shows step relaxations of a horse tendon using protocol 2. The nearly linear decay in
the linear-log axes is an indication of a low-power law relaxation (β → 0).
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Fig. 5.4 shows a method of determining zero strain for a uniaxially stretched sample.
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Fig. 5.5 shows the initial force and the final force (at 500s) for tendon using the strains in
protocol 2.
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Fig. 5.6 shows fits to the step relaxation data at 5.0% strain.
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obey any of these functions exactly; and secondly, as none of these experiments are true step
strains, the early times do not necessarily correspond to that of an ideal stress relaxation that
could be fitted precisely by these functions. In any case, all these functions are defined by three
parameters (apart from the power-law which has two) making comparisons between multiple
step relaxations a more difficult manner. However, using the relaxation constant simplifies the
matter by giving just one parameter to compare.
Figure 5.7 shows how the relaxation constant, evaluated using Eq. 4.34 from the data plotted
in Fig.5.3, varies as a function of imposed strain. Remember that the relaxation constant gives
a measure of the time scale in which the majority of relaxation occurs, in the experimental time
span. Values before 0.6% strain are not shown, as there was no force relaxation (one assumes
this was before the actual zero strain).
Interestingly, for strains 0.6%− 1.0% there is increase in the relaxation time (i.e., viscous
damping decreases); however, beyond this strain, the relaxation time seems to deviate around 40
seconds, and there is no obvious change with further increasing strain, even over the non-linear
stress strain relationship demonstrated in Fig. 5.5.
Protocol 3
Figure 5.8 shows the force relaxation of a tendon using protocol 3, with a relaxation and re-
covery time of 300s. Each step, apart from the first, is the force relaxation following a 0.66%
step strain on top of the prestrained value (i.e., the recovery stage), the value in the legend is
the overall strain at which the tendon is relaxing at. The force for each step is relative to its
final force after 300s, i.e., all curves relax to zero force by definition. For a linearly viscoelastic
material, all steps, apart from the first, would have identical relaxation curves if relaxation ends
sufficiently quickly.
Note the difference in the relaxation behaviour which appeared linear on the linear-log plot
5.3, but looks like a faster decaying function in Fig. 5.8.
Figure 5.9 shows the final force values of a relaxation and a recovery at a set strain. For
a linearly viscoelastic material that relaxes and recovers in the experimental time scale, these
would be identical. For low strains, between 0% and 5%, much of the force following a larger
step strain is recoverable. However, above 5%, the force is no longer close to being recovered.
This is likely the point where irreversible damage is done to the tendon, such that for every
addition step strain further damage is caused. Now, when the material is moved to the resting
strain there has been a permanent loss in tension.
Figures 5.10 and 5.11 show plots of normalised difference in force for the multistep re-
laxations using protocol 2 and 3, respectively, for selected relaxation curves. The difference
meaning the force value relative to that of the final value of each multistep relaxation, such that
at the final time the force difference is zero, and normalised by the difference at time zero. The
area under each curve is equivalent to the relaxation constant defined in section 4.3.
There is clear difference between the two, where for protocol 2, at small strain there is a
relatively smaller area resulting in a lower relaxation constant, but at higher strains, the curves
have a larger area but change little, resulting in a larger but relatively stable relaxation constant
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F
or
ce
(m
N
)
Time (s)
0
0.01 0.1 1 10 100
200
400
600
Fig. 5.8 shows the force relaxation for each individual step relative to the final value, for multi-
step relaxation on tendon using protocol 3.
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Fig. 5.9 shows the final value of the recovery and relax stage for the same strain in protocol 3
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Fig. 5.10 shows the normalised force relaxation (relative to the final force force of each step
relaxation) for tendon using protocol 2.
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(see Fig. 5.7),whereas, for protocol 3, there is an increasing curvature with strain resulting in
an increasing relaxation constant. This is shown in Fig 5.12, with the relaxation constant of
protocol 2 shown too. Compared to protocol 2, there is no initial jump in relaxation time. Here
this is a result of the tendon likely having some small prestrain, as can be seen by comparing
from the general force strain relationship seen in Fig. 5.8 and Fig. 5.5, as such this transition
at very small strains was likely missed in the protocol 3 experiment. Additionally, this jump
at low strains is likely not physiologically relevant due to this change taking place well before
the heel region and any increase in tendon modulus with strain (see Fig. 5.5 in the range 0%−
1%). Interestingly, for protocol 3, the relaxation time appears to increase roughly linearly with
strain. There are two possible reasons (not necessarily independent of each other). The first
is that there is additional relaxation occurring in each subsequent stretch as a consequence of
compounding relaxation from the previous steps. It can be shown that there would be no change
in measured relaxation constant for simple exponential like relaxation; however, for power-law
like behaviour there will be a small increase in the relaxation constant with each compounding
step strain. The second is that there is a genuine increase in relaxation time at larger strains (or
larger prestress). This effect might not have been seen in Fig. 5.3 due to it being masked by the
much larger stress relaxation. Indeed, the fluctuations of the relaxation constant for protocol 2
are larger than the difference in relaxation constant in Fig. 5.12 over a similar strain range (i.e.,
∼ 0%−6%).
The range of relaxation times in protocol 3 are approximately three fifths of those seen in
Fig. 5.7, this is due to experimental time being three fifths of protocol 2. As shown in 4.4, for
power law like relaxations with a small exponent (such as in these tissues) the relaxation time
increases approximately linearly with the time of the experiment. As both experiments where
done with fascicles from the same tendon, we would expect a similar constant of proportion-
ality between this and the previous tendon experiment. The errors that can arise in measuring
the relaxation constant have several origins. The first arises from the limit of applying a step
strain and isolating the peak force for normalisation. Clearly, it is not possible to apply an in-
stantaneous step strain, and even if it could one would need to separate the effects of inertia
on measured force. Furthermore, to accurately find the peak force a sufficiently high sample
rate must be used. In this case, a speed of 10mm/s and acceleration of 100mm/s was used,
which gives strain rates of approximately 50%/s and inertial effects of less than 1mN. The
peak force was calculated from largest value in a spline fit around the highest value points, in
aid of minimising these errors. Errors from the force measurement itself are negligible in com-
parison to other effects (less than 0.01mN). The most significant contributor to error will be
from the physical system, considering that tendon, in this case, is not loaded as it would be in
the physiological setting, where it would be seamlessly connected to muscle and bone. Being
between to clamps will likely apply uneven loading and damage which will be picked up in the
measurements.
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Fig. 5.11 shows the normalised force relaxation (relative to the final force force of each step
relaxation) for tendon using protocol 3.
R
el
ax
at
io
n
C
on
st
an
t
(s
)
Strain
0
0
10
20
30
40
50
60
2 4 6 8 10 12 14
Protocol 3
Protocol 2
Fig. 5.12 shows the relaxation constant for increasing step relaxation using protocol 3.
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5.3 Fascia
As was discussed in section 1.4.2, fascia is a loose connective tissue with the primary loading
elements being elastin and collagen, which are arranged in a disordered network [196]. Initial
elasticity is due the network of elastin, as greater strain is applied increasing numbers of colla-
gen fibres become aligned to stretch and contribute to elasticity. Fascia itself forms a contiguous
network throughout the body, connecting muscle to bone, bone to bone, and organs to their sup-
porting structures [196–198]. For these experiments, lumbodorsal rat fascia was extracted from
a recently sacrificed Sprague Dawley rat from the John van Geest Centre for Brain Repair (part
of the Cambridge University School of Clinical Medicine). Figure 5.13 shows the lumbodorsal
fascia before extraction.
Immediately after sacrifice, the lumbodorsal fascia was extracted, cut into two sections,
and placed in DMEM physiological solution (which was iced) for transport. The sample was
mounted in the clamps, which were then inserted into the environmental chamber and immersed
in DMEM physiological solution that was maintained at 37◦C. Fascia is used as it was much
easier to get thinner samples and with lower modulus than tendon, so with the setup allows a
greater exploration of strain. In addition, it has a much more pronounced recruitment region
where collagen is initially unaligned and becomes aligned with stretch.
Protocol 3 was used, with 300 seconds relaxation and 300 seconds recover, with increasing
strain increments of 0.4%. The relaxation stages are shown in Fig. 5.14, where each step
relaxation force value is relative to the final force at 300 seconds (i.e., the force at 300 seconds
is set to zero). There are considerable differences between each step relaxation, in particular
when remembering for a linearly viscoelastic material with a short relaxation time, each step
relaxation would be identical. However, even though there is a considerable range of relaxation
behaviour, it is apparent that relaxation curves at similar overall strain values are themselves
similar, and there is a relatively smooth transition between relaxation curves. This is particularly
true for the relaxation curves at low overall strains, before damage has occurred.
The reason for the change in relaxation can be seen in Fig. 5.15, which shows the final force
values of relaxation and recovery at a set strain for fascia. Here we can see the typical J-curve
of force-strain, which is over a greater strain range than for tendon (see inset of Fig. 5.15 and
Fig. 5.5. From 0% to 5% strain, the relaxed and recovered force values are close and it appears
that much of the force from a step strains recovers. However, for strains greater than 5%, there
is a clear divergence and there is an irreversible loss of tension, corresponding to the drops in
peak force of relaxation in Fig. 5.14. This likely results from tissue damage (i.e., injury for
fascia in an animal). With greater increases in strain there are regions of decreasing modulus
followed by regions of increasing modulus. This can be explained by regions of collagen in the
fascia first becoming aligned to the stretch then be strained to the point of damage and failure, at
the same time other regions of collagen are being aligned and contributing the modulus, which
again eventually fail. It is the balance between these increasingly recruited and increasingly
damaged regions that result in the wavering modulus. In these regions it is clear that with every
subsequent stretch there is irreversible damage due the large divide between the final relaxation
and final recovery for all strains post 5%.
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Lumodorsal Fascia
Fig. 5.13 shows the lumbodorsal fascia used in this experiment on a recently expired rat.
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Fig. 5.14 shows the force relaxation for each individual step relative to the final value, for
multistep relaxation on fascia using protocol 3. Every fourth value is shown in the legend.
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Fig. 5.15 shows the final value of the recovery and relaxation stage for each strain value in
protocol 3 on fascia.
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Fig. 5.16 shows the relaxation time for fascia using protocol 3 and over an experimental time of
300 seconds.
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Figure 5.16 shows the relaxation constant associated with each relaxation at a set over strain.
There is a defined increase in relaxation constant in the region from 0− 3%, corresponding to
the early toe (recruitment) region of Fig. 5.15. This is much more pronounced than the effect
seen in tendon, and is likely due to the much gentler recruitment of fibres to stretch due to
the poorer alignment. Whereas, in tendon, there is a great deal of alignment already and the
majority of collagen will be recruited at a similar strain. Lumbodorsal fascia has a greater
relaxation time than that seen in tendon for comparable time scales. During the initial stage
of irreversible damage (between the 5− 10%, there is a region of slowly increasing relaxation
constant, continuing on for the smaller increase in relaxation from the reversible region between
3−5%. This is similar to what was seen for tendon, where, following damage, the increase in
relaxation constant with strain does not deviate. However, with fascia we can go to much larger
strains in the setup than with tendon, and we see that in the region of large failure, between
10−15% (see Fig. 5.15 that the relaxation constant dramatically decreases. With the recovery
of tension, between 16−20%, the relaxation constant once again increases as fibre recruitment
happens again. The increase is slower than that for small strain, as here there is the competing
effect of fibre failure and fibre recruitment.
5.4 Discussion
The first part of this chapter gives a discussion of the three main protocols one can use in
viscoelastic uniaxial strain experiments. This is particularly needed here because of the as-
sumptions involved in many strain stress experiments, particular when measuring nonlinear
viscoelastic materials. It is argued that successive step strains (or in the limit of this the so
called strain ramp) are not ideal because of the limited information they reveal at each step,
particularly when considering the effects of the previous steps strains. To this end, it is prefer-
able to use protocol 2 and protocol 3 (see Fig. 5.1): protocol 2 measures stress relaxation from
increasing step strain from the initial rest length, where there is a suitable recovery time in-
between stretches. This protocol gives an overall insight into how the materials overall stress
relaxation changes with a set strain; protocol 3 looks at stress relaxation and recovery at set pre-
strains. This is the more physiologically relevant situation as connective tissue is always under
some prestrain. As such, it is recommended that if only one protocol can be used to characterise
connective tissue, it should be protocol 3. With protocol 3 it can be come clear at which pre-
strains (or prestress) small strains can be applied reversibly, such that there is little difference
in stress between the value at prestrain, and the stress following a further strain then return to
said prestrain value. In this manner be pretension could be maintained in a physiological situa-
tion without significant input of energy (presumably from cells) being needed to counter stress
relaxation, and thus, homeostasis can be maintained.
The second part covers experiments performed on equine tendon and rat lumbodorsal fas-
cia. These tissues tend towards different extremes in the behaviour of connective tissues: tendon
has very aligned collagen elements and is highly axial, with a much sharper transition (or heel
region) where it transitions from low modulus linear relationship to high modulus linear rela-
tionship; whereas lumbodorsal fascia is much less aligned (though it still has alignment) and
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the heel region is much gentler. The results on tendon using protocol 2 do not relate so much
to the physiological loading siltation other than to give some measure of the stiffness of tendon
and also to show that there is little change in the relaxation constant (i.e., characteristic time
of relaxation) with increasing strain (see Fig. 5.7). There is a jump between between what is
written as 0% and 1%, but this is very early on the heel region, possibly even before and would
have little impact physiologically (see Fig. 5.5). The experiments using protocol 3 reveal that
between 0% and 5%, as defined from when the tendon appears to be just taut, applied strains are
reversible as there is little stress difference between the recovered stress and the relaxed stress
at the same strain (see Fig. 5.9); whereas beyond 5% strain, an increasingly large difference
between the recovered and relax stress is observed, implying a greater and greater number of
collagen fibres are failing. It was also seen that the relaxation time, whilst increasing slightly
with strain, remains relatively constant. The increase in relaxation constant here is likely due
compounding relaxation from previous step strains which occurs with power relaxation. As
such, the rate of stress relaxation in collagen is independent of strain in tendon, meaning that
prestrain cannot tune the critical damping frequency. It may, in fact, not be the role of the tendon
to facilitate damping, but rather that muscle itself and the fascia that tightly encases it which
damps oscillation; here, tendon could act as a mostly elastic element with small dissipation of
energy relative to other elements in the system.
In contrast to fascia which does show are pronounced transition of relaxation constant with
strain, where it increases in heel region, after which it stabilises when the linear elastic regime is
entered (see Figs. 5.15 and 5.16). This would allow the tissue to be tuned to the value of critical
damping by maintaining a suitable pretension. The actual value of critical damping can be
difficult to ascertain, due to its dependence mass, and correctly defining the biological system.
Fascia in particular may not only be stretched uniaxially but also biaxially; however, for the
fascia examined in these experiments there is a clear predominant alignment of collagen in the
tissue in the direction it will typically be subject to stretch, and it was along this axial direction
the tissue was stretched experimentally. Interestingly, with the first tissue damage, between 5%
and 10%, the relaxation constant remains roughly constant, just as in tendon; however, when
catastrophic failure takes place and there is a large reduction in stress, due to many collagen
fibers tearing, the relaxation constant also drops significantly. It then begins to recover as strain
increases again and other collagen fibers are being recruited. These results offer an insight into
the change in dissipation following injury, which may help prevent further damage.
Chapter 6
Conclusions
Chapter 1 tries to briefly summarise a vast and ever increasing amount of research on equilib-
rium and dynamic mechanical characteristics of living systems, moving from metazoan cells
to tissues. It began with a overview of viscoelasticity, which acted as a theoretical grounding
(and reminder) of the elements of viscoelasticity relevant to this work. This covers the basic
viscoelastic models, how they are constructed, and their basic properties. Then, as the mechan-
ics of living systems is determined by hierarchically structured filaments, the present physical
knowledge of such filaments was reviewed. At the two extremes, very flexible entropic chains
and very rigid athermal rods, where the properties of such filaments are well understood by
polymer physics and elastic theory, respectively. In between these limits lies an interesting re-
gion of semiflexible chains where the characteristic energy of thermal motion is comparable to
elastic energy of filament deformation (mostly – bending, but occasionally stretching as well).
The introduction next looked at networks of semiflexible filaments, which are at the core of
mechanical properties of cells and some tissues, but it is too early to say that the physics of such
networks is well understood. There are a large variety of possible ways to crosslink and organise
such networks, the types of crosslinks relevant in the biological context were reviewed as were
the physical consequences on the continuum mechanics of the network. In the mechanics of
filamentous networks, the main issues are the marginal stability at low crosslink functionality,
the non-affinity of local deformations that leads to a significant softening of networks with low
connectivity, the non-linear stress-stiffening of more densely crosslinked filamentous networks
– and of course the frequency-dependent response leading to the high-frequency stiffening in
certain regimes, and conversely, to high-frequency fluidisation in other regimes and structures
(both relevant and frequently utilised in cells).
Next the role of actin, intermediate and microtubular filaments were reviewed, where each
play a role in the resulting mechanics of the cell and cell collectives. The developing field of
active systems was not looked at, where the mechanical properties are determined by the (in-
herently non-equilibrium) motor-driven molecular elements. The only instance when the active
motion was relevant was in the context of pre-stress generated and having a strong effect on
the resulting response in cells. In contrast, the mechanics of essentially extracellular connective
tissue is controlled by the structure of larger-scale filaments (mostly, although not uniquely,
made of collagen) and their arrangement in the matrix of other extra-cellular fibres. In this area,
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the experiments and theoretical modelling are still far from achieving a good match, although
there are many fundamental properties of connective tissue, relevant for its biological func-
tion, that are understood better by virtue of their direct link with the basic filamentous network
mechanics.
Chapter 2 covered the experimental setup used in this work to determine the time depen-
dent mechanical properties of soft connective tissues and other elastomers. This was a custom
built setup, utilising digital image correlation as a method of generating full field strain maps in
certain experiments. It was tested using PDMS as a control (as it is well researched and used
in many applications), as well as carbon nanotube (CNT) elastomers, cholesteric liquid crys-
tal elastomers (CLCE), and three dimensional polydomain liquid crystal elastomers (3DLCEs).
This was followed by a discussion of the limitations and applications of DIC. In addition, inter-
esting novel results were found when investigating 3DLCEs, where it was observed the initial
volume increase upon step strain did not arise from large initial shear modulus, as is typical
for polymers, but in fact occurred due to a dramatically increasing (after an initial decrease)
bulk modulus. It can only be attributed to a expansion of the material through nanovoid voids,
resulting in a relatively low cost of expansion, as these voids close the material recovers incom-
pressibility and the bulk modulus returns to the large GPa values seen for regular polymer. This
discovery in itself warrants future investigations.
Chapter 3 presented investigations in to the swelling of hydrogels under deformation, where
the goal was to relate how volume change through water flow is coupled to relaxation. It was
shown that equilibrium Poisson ratio in swollen gels is dependent on the shear modulus, where
softer gels will swell more than stiffer gels when placed under stress while immersed in good
solvent. This is in contrast to many reports on the Poisson ratio in which a single value is re-
ported. Step-strain relaxation experiments were conducted on equilibrium free-swollen PAAm
gels, and experimental results were found to agree with theory. Aside from water, gels were
stretched in three non-solvents: silicone oil, mineral oil, and air. It was observed that water loss
occurs in all three, with the least loss exhibited by mineral oil due to the particularly low rate
of water diffusion away from the sample. This has implications in the mechanical testing of
gels where non-solvents are often used to prevent water loss. The rate of water loss is related
to the fluid permeability, and it is necessary that non-solvents of low permeability should be
used if water loss is to be minimised, e.g., high molecular weight mineral oil. Finally, it was
demonstrated that the force relaxation after step strain decays linearly with the Poisson ratio,
with the final force determined by the equilibrium Poisson ratio and the imposed strain. Sim-
ilarly, the change in stress is proportional to the shear modulus of the free swollen state and
change effective strain. It is not possible to relate these experiments to tissue directly for two
reasons: firstly, tissue is far from being neutrally charged, indeed, with glycosaminoglycans
(GAGs) being amongst the most negatively charged polymers in the body [316]. To take into
account charge and ionic effects, an additional free energy term would have to included. How-
ever, this would not affect the linear relationship between force relaxation and Poisson ratio,
which is independent of the swelling mechanism. The second concern would be the elastic
theory that was used to quantify the free energy of elasticity. In this case, the linear phantom
model was used, whereas in real tissue the stress strain is nonlinear. That being said, this is
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unlikely to change the qualitative result of the hydrogel part of connective tissue exhibiting in-
creased swelling with strain. This in itself could have complicated effects on stress relaxation
in connective tissue, due to the swelling reducing stress in the hydrogel part but necessarily in
the collagen fibre reinforcing part, which carries much of the load.
Chapter 4 investigated how viscoelasticity relates to free oscillations, where the aim was to
gain insight into whether tissues sit on a point of critical damping. A general solution for any
relaxation function was derived in Laplace space, and the limitations were discussed: primarily
that relaxation functions with an infinite glass modulus do not work and indeed are nonphysical.
The full solution for free oscillations was worked out using the fractional Maxwell model, where
it was found that such a system will always oscillate and that as β moves from one to zero, i.e.,
standard Maxwell model to purely elastic, the peak describing critical damping as function of
relaxation time, τ , lowers and broadens. It was shown the fractional Maxwell model is use-
ful for its close relationship to the asymptotic power-law and stretched exponential for small
β , which are commonly used to describe cell and tissue viscoelasticity, but are more difficult
to analyse theoretically. The solution for oscillatory decay with Zener (standard linear) model
was also solved, where it was found that as ξ , the ratio of equilibrium modulus, Ge, to initial
modulus, Gr, moves from zero to one i.e., standard Maxwell model to purely elastic, the peak
describing critical damping as function of relaxation time, τ , lowers and broadens. The final
part of this chapter discusses a general measure of relaxation time, the relaxation constant. This
measure is useful as it offers a single parameter to characterise the relaxation of viscoelastic
material. This work demonstrates the importance of understanding the viscoelastic characteris-
tics of connective tissue, and how these properties may be suited for tissue function. This could
be particularly important in tissue engineering, where currently, most work focuses on modulus
and non-linear elastic behaviour, rather than trying to match the viscoelastic response.
Chapter 5 covered experiments on how the viscoelastic nature of connective tissue changes
with strain using tendon and fascia. Protocols that can be used to investigate how viscoelas-
ticity changes with strain were discussed, highlighting their advantages and disadvantages. It
was found, that in general, the relaxation constant increases quickly with an imposed strain and
then either stabilises or increases more slowly. This growth of relaxation constant also occurs
during the initial stages of tissue injury, where irreversible deformation occurs. Much larger
deformations and greater injury were investigated using fascia, where it was found the relax-
ation constant can dramatically decrease in response to a catastrophic injury and then increase
as further collagen fibres are recruited with strain. In order to address the critical damping con-
dition one can proceed in two ways: (1) Take a Mittag-Leffler function fit and relate modulus to
fit parameters. (2) Alternatively, one can use the relaxation constant determined directly from
integrating the experimental data. Then with the ratio of Ge/G0, we can use the Zener model to
approximate the relaxation function. The results show differences between tendon and fascia,
where tendon does not significantly change it’s relaxation time with strain, where as in fascia
the relaxation time increases through the heel region and then stabilises in the linearly elastic
part. This implies tendon is a more passive element which does not change it’s viscoelastic
properties with strain. Lumbodorsal fascia on the other hand, relaxes quickly at low strains, but
maintains stress significantly longer at high strains.
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6.1 Future Work
The main areas of future work in this thesis would be to extend the theory on non-linear vis-
coelastic damping and refine the experiments on connective tissue. The theory section in par-
ticular should be re-evaluated from the perspective energy dissipation in response to an impulse
or impact (i.e., F(t) = F0δ (t)) rather than from the current perspective which looks at free os-
cillations and energy dissipation in response to some imposed initial strain. This is likely more
physiologically significant, as energy in the form of impacts operate across all frequencies and
should ideally be dissipated, e.g., foot striking the floor in a run. This in turn would allow a
more general investigation into how connective tissues behave, not only at certain prestrain, but
also between tissues. Measuring the tissues themselves may not directly lead to a quantitative
measurement of how much energy is dissipated in various physical activities, however it is vital
that for higher order models of biomechanical systems to be accurate, the response of the con-
stituent parts (e.g., fascia, ligament, or tendon) should be understood. Furthermore, it would be
worthwhile performing experiments on elastic arteries to find whether the have minimised their
dissipation at timescales in the range of a heartbeat.
Other future work would be to confirm the existence of nanovoids in liquid crystal elas-
tomers, or at the very least, further examine the volume relaxation phenomenon, which is
clearly occurring through a fundamentally different mechanism to that which occurs in reg-
ular elastomers. This could be done with laser diffraction of if they size of the voids is too
small, then though x-ray scattering.
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Appendix A
LabVIEW Program
This Appendix covers the LabVIEW program I wrote to control and receive data from the exper-
imental setup. The program was built using LabVIEW 12. LabVIEW is a visual programming
language, which involves connecting nodes with wires, where values from one node are passed
on the next through these wires. Nodes take an input, or multiple inputs, perform an opera-
tion on the inputs, then produce an output which is usually passed on another node. A single
program in LabVIEW is known as virtual instrument (VI). A node will not execute until it has
received all its inputs, this defines the order in which nodes are executed. For larger programs,
such as this one, many sub virtual instruments (subVIs) are written, which themselves become
nodes in the parent program. This can be done to many levels, such that a subVI may itself
contain a subVIs, and so on.
The labview program, creatively called Stretcher Program, has several functions:
• Measure and log force
• Control the motorised stage and log the position
• Measure and log the temperature in the environmental chamber and room
• Create easy to use logged data records in the TDMS format, with fields to input experi-
mental notes
• Programmatically execute tests (e.g., multiple step relaxations)
• Show data that is currently being logged and be able to view selected time ranges
• Ability to load in previous data files for analysis
• Analysis tool to pair position and force values (as they are both logged as functions of
time)
• Analysis tool to create individual log files from selected data
• Analysis tool to separate out multiple step relaxation data
• Analysis tool to calculate the relaxation time of step relaxation data
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Fig. A.1 shows the live feed panel for the Stretcher Program.
A.1 Graphical User Interface (GUI)
Figure A.1 shows the main user interface of the stretcher program. The main plot shows a live
feed of the force measured by the load cell. The position field shows the current position in mm
of the motorised stage. The two thermometers obviously show the current temperature reading.
Greyed out sections are for indicators that have no readings because a device isn’t connected or
for buttons which can’t be used because a device isn’t connected. When the Stretcher program is
run, the Pico-PT104 USB thermomotor controller is automatically connected, if the device does
not connect the program gives a warning and the thermometer indicators become greyed out. To
connect to the motorised stage, the "Connect to stage" button must be pressed. This is because
the stepper driver, which controls the stepper motor attached to stage, needs to receive a startup
signal, telling which language to communicate in, within two seconds of being turned on. Once
the "Connect to stage" button is pressed, the program will send the startup signal repeatedly for
15 seconds, if the stepper driver is turned on in this period the stage will be connected, if the
stage is not turned on the program will give a warning to say it couldn’t connect to the stage
and to try again. Once the stage is connected, the "stage control", "start a test" buttons, and
"position" indicator stop being greyed out and become active.
If any settings need to be changed, the "Settings" button should be pressed before any con-
nect to the stage is made. Figure A.2 shows the settings dialog that appears when the "Settings"
button is pressed.
Here, the "acquisition" section houses the settings for the NI USB6010 and its reading
of voltage from the load cell. DAQmx selects the USB6010 channel to read. "Raw sample
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Fig. A.2 shows the settings panel for the Stretcher Program.
Rate/Hz" is the rate at which individual readings are taken, "Minimum input/V" and "Maximum
input/V", set the minimum and max voltage values that can be read, this is usually between−10
and 10 volts. "Averaging Time/s" sets the time period over which to average taken data, this
smooths the data giving a greater accuracy but sacrificing time resolution. The logged sampling
frequency will be the inverse of the "Averaging Time/s". "Move Multiplier" is the factor for
which the averaging time is divided when the stage moves. "Multiplier time (s)" is how long
after the move is finished the increased sampling rate should last. This feature is useful for
giving a greater time resolution during, and just after, the material has been stretched when the
greatest force changes are happening.
The "trigger" section concerns data logging. The radio switch has two options: "Always
Log" or "Log When Triggered". "Always log" means that when the "Start Logging" button is
pressed, the logging will begin immediately. When "Log When Triggered" is selected, logging
will only begin when certain conditions are met. This can either be when a certain amount of
time has elapsed or when a certain voltage (force) value is reached. Alternatively, by changing
the "Trigger Channel" one could attach an external button or device to the NI USB 6010 and
use that to trigger logging.
The "Strain Gauge" section controls the conversion of the force gauge voltage to force. The
drop down menu has options for all the force gauges and the calibrated "scaling factors", these
can be changed every time the setup gets recalibrated. Currently, the scaling factor has to be
calculated by attached three of four differ weights to the force gauge and recording the voltage,
the results are then plotted and fitted. The gradient of the fits give the scaling factor. Each force
gauge should be recalibrated regularly as they can drift. Finally, "Force offset (mN)" simple
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Fig. A.3 shows the logging start dialog panel for the stretcher program.
offsets the force reading by a set amount, this can be useful as it saves a step of data analysis.
The "Logging" section controls how data is logged. "Log File path" is the default save
location, and the "save logarithmically" radio button turns on logarithmic saving. This is useful
for when an experiment is going to last a long for a time and will be plotted with a logarithmic
time scale. If "save logarithmically" is selected, then data points will be evenly space on a
logarithmically scaled x axis. "Logarithmic Scaling Factor" sets the spacing, and exponentially
increases the time between data points but the imputed exponent. The scaling begins after
"Multiplier time (s)" after a stage move, and is reset with every new stage move.
The "Stage" section houses the settings for the stepper driver and stepper motor. The stepper
driver communicates with the computer through an RS-232 serial port, "Stage Comm Port" sets
the computer’s serial port that the stepper driver is connected to. "Steps per revolution" depends
on the stepper motor, and is the number of steps the motor takes to complete one revolution.
"mm per revolution" depends on the stage and is how many mm of travel one revolution of the
motor causes.
If the "OK" button is pressed, the settings are loaded in the program and are also written to a
textfile. This textfile is loaded every time the program starts so the settings will be remembered
for the next session. The "Cancel" button exits without changing the previous values.
Figure A.3 shows the logging dialog that comes up when the "Start Logging" button is
pressed. This dialog allows for experiment details to be saved along with the data, making it
more convenient if the data is reviewed later. The titles of each box are hopefully self explana-
tory. If "OK" is pressed, the dialog box closes and data logging beings, if "Cancel" is pressed
the dialog closes and logging does not begin.
Figure A.4 shows the interface when the "Log" tab is selected. When the program is logging
the time range bar is constantly being updated. The two pointers on this bar set the time range
of logged data to be shown in the plot.
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Fig. A.4 shows the data logging and analysis panel for the Stretcher Program.
The data plotted can be changed with top down drop menu, to either show Force vs Time,
Room Temperature vs Time, Position vs Time, and Force vs Position (if it has been calculated).
The second drop down menu allows the user to select either a linear or logarithmically scaled
time axis. If no data is being logged, then the "Load file" can be used to load a previously saved
data file.
Figure A.5 shows the dialog that comes when the "Stage Control" button is pressed, it allows
real time control of the stage.
"Initial Position" is the reference position, all positions are relative to his position. Any
current position can be recalibrated to the initial condition (i.e., what ever position the stage is
at, this value will become 10mm of the initial position is valued at 10mm and the "Set" button is
pressed). This amounts to calibrating the stage and should be used when the position between
the clamps is measured, this value should be set as the initial position. The "Set Vel/acc"
button tells the stepper driver to make any moves with the corresponding steaming velocity and
accelleration/decellation in the numerical boxes. When a value is entered in the "New Position
(mm)" numerical box, the dialog will automatically calculate the strain, time taken, mean strain
rate, and max strain rate for this move (relative to the initial value) and the time it would take
to complete this move calculated from the acceleration, velocity, current position, and the new
position value. When the "Move" button is pressed the stage will instantly begin the move.
The "Start a Test" button brings up the dialog shown in Fig.A.6 The two options bring up
similar dialog boxes there allow step relaxation experiments. Figure A.7 shows the more com-
plicated test for "Step up Step down" step relaxations. This involves multiple step relaxations
performed on a sample with incrementally increasing strain for each subsequent relaxation. In
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Fig. A.5 shows the stage control dialog that pops up when the "Stage Control" button is pressed.
Fig. A.6 shows the test dialog that opens up when the "Start a Test" button is pressed.
between each relaxation is a rest period where the sample ’recovers’ at a lower strain value.
"Initial Position (mm)" treats the current position as the starting point will set this as the
initial position. "Final Position (mm)" is the end position once all moves are completed. "Ve-
locity (mm/s)" and "Acceleration (mm/s/s)" are the velocity and accelleration/decelleratioin of
each move. "Number of Steps" sets the number step relaxations to carried out. "Time Delay pre
1st Step" sets the time to wait after the dialog closes to being the test. "Relaxation time (s)" is
the time is seconds to allow force relaxation following a step strain. "Recovery time (s)" is the
amount of time in seconds the sample will be held at lower strain to recover after the relaxation
time has ended, once this time is over the next step relaxation begins. The "Recover position is:"
radio buttons set at what strain the force recovery will happen, this can either be at the initial
position, or at the strain value of the previous step relaxation. The "Per Step" section, auto-
matically updates anytime the values in the upper section are changed. It gives the engineering
strain between in each step, the move time of such a move and the mean rate, and the max strain
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Fig. A.7 shows the dialog the comes up when "Step up Step down relaxation" buttons is pressed
in the test dialog shown in Fig.A.6
rate. However, these values are for each step strain directly lead into the next one, because the
move actually begins from the recovery position, the mean strain rate will be slightly different
between steps. If the "Execute" button is pressed, the dialog will close and the test will begin,
if the "Cancel" button is pressed the dialog will close and nothing else will happen. The "Step
Relaxations" test dialog is similar to that in Fig.A.7, except that there is no recover stage and
each step leads in to the next.
Once an experiment is finished the "Stop Logging" button should be pressed. Once logging
is stopped, or if an old data file is loaded, it becomes possible to press the "Analyse Data"
button. This brings up the dialog shown in Fig.A.8.
The analysis tool box provides a quick and efficient way to analyse data, each analysis
button should be used in order, from top to bottom (i.e., never use an analysis tool above one
you have already used; however, skipping tools is fine). "Correct Time & Remove Void Values",
corrects the a slight time lag between the position/time data and force/time data as they run off
different clocks, this time difference amounts to a few seconds over as many days, so is only
really necessary for long experiments. It also removes any zero values that can occasionally turn
up in the temperature data. "Create File of Selected Range" creates a new data file including
only data in the time range set by the time range selection bar shown in Fig.A.4.
"Find Force vs Position" matches force data with position data, when the stage is moving it
samples the current position every 20ms. The positions correspond to the times at which force
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Fig. A.8 shows the analysis dialog panel for the stretcher program
data was taken, which are found from linear fits between each position data point.
"Separate Step Relaxations", adds additional set of data to the data file in which step relax-
ations are separated into individual step relaxations with t=0 for each relaxation corresponding
to the maximum force, i.e., the point just after the stage stops moving. "Separate Step up Step
down relaxations" does a similar job, but is for multistep relaxation tests with a rest period be-
tween. This gives an additional set of data with the relaxations and recoveries separated and
time corrected.
"Average over temperatures" is useful for reducing the amount of unnecessary temperature
data. Temperature data is sampled at 2HZ so for long experiments, the amount of data can get
quite large. This tool, averages over data points to give a new time separation between data
points.
"Generate Report" generates a HTML summary report (that opens up in the default web
browser) with a summary of the data and plots.
A.2 Code summary
LabVIEW code uses two main windows, the first is called the front panel and has the user
interfaces (e.g., the buttons and plots). The second is the block diagram which determines how
the interface works and contains the core of the programming. Figure A.9 shows the block
diagram the main program, the corresponding front panel would be Figs A.1 and A.4.
The code has four key elements: the event loop, the message loop, the instruments, and
the display loops. All these loops communicate with each using messages which are stored in
a buffer until recipient of the message is able to read it. The event loop handles interaction
with the user interface, when an interaction happens, the event loop will queue message for
the message loop telling it that a said interaction has occurred. The message loops reads the
message and depending on the message it receives, it will take action and send messages to the
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Fig. A.9 shows the main code block diagram.
instruments. The instruments are subVI code then run continuously, until messaged to stop:
each has a specific role and will change it’s task depending on messages from the message
queue (or messages they sent to each other). There are five instruments: data acquisition loop,
temperature acquisition loop, stage control loop, logging loop, and log read/analysis loop. Each
contains many subVI’s built for purposes (Fig. A.10 shows a list all the VIs built and used in the
program). The display loop receives the current data, if the computer resources are available,
and plots it live. Data from the acquisition loops is stored in a buffer (called a data queue) and
is also passed to a notifier. The queued data is read by the logging instruments, which, if the
logging is turned on, writes the data disk in batches (the buffer method prevents the loss of any
data). The notifier is a lossy method of transferring data, which only transmits if the resources
are available, this is useful for sending data to the display loops as one or two missed packets
will make little, or no, difference to the user experience, but does allow the program to use
resources more wisely if they become rare.
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Fig. A.10 shows a list of the VIs created and used to build stretcher program.
Appendix B
Designs
This appendix contains the mechanical designs for the environmental chamber and clamps,
should they need to be remade or parts replaced.
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